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Abstract

In a DNA sequence that exhibits long-range correlations, standard deviations among the GC levels of its segments can be up to an order of

magnitude higher than in a sequence consisting of independent, identically distributed nucleotides. Conversely, plots of inter-segment

standard deviations vs. segment length reveal quantitative information about the correlations present in a sequence. We present and discuss

formulae that relate long-range (power-law) correlations between the nucleotides of a sequence to the expected standard deviations of the GC

levels of its segments, and to the correlations between them. q 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Long-range correlations between nucleotides, or between

longer regions of a DNA sequence, are characterized by a

slow decrease with respect to the intervening distance

between the regions. The prototype of such correlations is

the power-law form of the correlation function, which can

be used to characterize, at least approximately or asympto-

tically, the class of long-range correlated DNA sequences.

The existence of power-law correlations allows, in turn,

formulae to be derived for the expected standard deviation

among fixed-length regions within the sequences. We here

present and discuss formulae that relate power-law correla-

tions between nucleotides to the standard deviations and

correlations between longer regions to which they lead.

The main results remain good approximations even when

the correlations do not obey a perfect power-law for all

distances, as in the case of real DNA sequences (see the

empirical results in Clay et al., 2001; Clay and Bernardi,

2001). For derivations when the power-law requirement is

relaxed, as well as for a more general and extended treat-

ment of long-range correlations, we refer to Beran (1994)

and to the references cited therein.

In what follows, we will assume that the DNA sequences

of interest can be described by well-defined correlation

functions. We therefore first review conditions for a corre-

lation function to satisfactorily model a DNA sequence, and

interpret them in the context of a genome organized into

isochores. In so doing, we will sometimes regard sequences

of GC/AT base pairs as if they were sequences of binary

digits (1/0), or, equivalently, as if they were runs, or time

series, of consecutive tosses of a coin (head/tail; Bernoulli

trial).

2. Correlated Bernoulli trials and DNA sequences

A trial with two possible outcomes, 1 (head of a coin, GC

base pair) or 0 (tail of a coin, AT base pair), is called a

Bernoulli trial; a random variable that takes these two values

is called a Bernoulli random variable. Whereas for the case

of uncorrelated (independent) Bernoulli trials a well-devel-

oped theory has existed since 1812 at the latest (Jakob

Bernoulli, De Moivre, Laplace), and is discussed in most

elementary textbooks on probability or statistics, the case of

correlated (dependent) Bernoulli trials, which is the relevant

case for statistical studies of nucleotide sequences, has

received surprisingly little attention (Viveros et al., 1994).

This is apparently the situation even for power-law correla-

tions, simple as they are to define. In the limit of many trials

(runs of l trials, long DNA segments of length l), the

frequency distributions to which they correspond (number

or percentage of 1s, or percentage of GC base pairs) usually

become approximately Gaussian, with a standard deviation

that will be given below. In general, however, no approx-
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imate formulae appear to be available for the frequency

distributions (GC distributions) or their third moments

(asymmetries), only for their first two moments (mean, stan-

dard deviation).

3. Correlation functions

A correlation function c(d) specifies the (expected) corre-

lation between two base pairs as a function of the distance d

between them. For such a correlation function to be a mean-

ingful and useful description of a collection of DNA

sequence(s), at least three conditions should be met. Statis-

tical properties of GC levels should not vary along the

sequence(s); an ergodic condition, closely related to the

previous condition, should be satisfied, and the correlation

function should be self-consistent.

The first of these three conditions is usually called

(spatial) stationarity along the sequence. In order to avoid

the possibly confusing temporal connotations of this term

(which does not have an established synonym), we will

instead refer to positional invariance of the GC distribution

along a sequence. Indeed, much of the theoretical work on

correlations was developed in the temporal context of time

series, but its definitions and results can be easily re-inter-

preted in a spatial context: in our case, we will re-interpret

time as the position along a DNA sequence or chromosome.

A time unit will correspond to the distance between two

successive nucleotides or, later, between two successive

segments of a given length.

The positional invariance condition that we will require is

that a sequence’s GC level and its variation be adequately

described by a single mean value, and by an inter-nucleotide

correlation function that is valid throughout the sequence.

As we shall see below, in this case one can calculate an

expected standard deviation among fixed-length segments

that will also remain valid throughout the sequence. A stric-

ter condition would require that the entire expected GC

distribution of the sequence’s segments at any given length

should remain the same throughout the sequence, i.e. that

not just the expected distributions’ means and standard

deviations, but also their shapes, should remain identical.

(In the technical literature, our basic condition is sometimes

called ‘wide-sense’ stationarity, and the stricter condition,

‘strict-sense’ stationarity (Shiryayev, 1984, p. 387).)

Chromosomes are mosaics of isochores, and thus do not,

in general, fulfil the above condition. In contrast, individual

isochores do usually fulfil the condition, and in some cases

they even fulfil the stricter property of invariance of GC

distributions along the sequence, as is illustrated for an

isochore of chromosome 21 in Clay et al. (2001, Fig. 2).

An imaginary sequence consisting of concatenated

isochores from a single isochore family could again be

regarded as fulfilling the above condition, since the

isochores will have very similar statistical properties (cf.

Clay et al., 2001). Another way of describing this statistical

similarity within families would be to say that each family

satisfies an ‘ergodicity’ property. In statistical physics and

time series analysis, one distinguishes between the ‘time

average’ of a quantity or observable of interest and its

‘ensemble average’, taken over an ensemble or set of

instances or examples of a system that can be assumed to

have arisen in a similar way: an ‘ergodic condition’ is

fulfilled if the time average of a quantity of interest is

equal to its ensemble average. In our re-interpretation of

this scenario, time corresponds to a position along a DNA

sequence, time averages correspond to position averages

along an isochore or contig, and ensembles correspond to

isochore families, since we assume that similar selection

pressures gave rise to the isochores of the same family,

even if their locations are dispersed throughout the genome.

We require, then, that the averages of statistical parameters

involving GC levels, taken over a single isochore (corre-

sponding to ‘time averages’ in the temporal context) should

be essentially the same as those taken over the entire

isochore family to which it belongs (corresponding to

‘ensemble averages’). The ergodic condition therefore

extends the above condition of positional invariance,

which we had formulated for individual sequences, to

cross-sequence comparisons. Thus, averages (i.e. expected

values) of mean, correlation function and standard devia-

tion, as estimated from a collection of fixed-length

segments, should be essentially the same whether the

segments are taken from a single isochore or from different

isochores of the same isochore family. We may then speak

of a correlation function being valid throughout an isochore

family, and analyze collectively the pooled sequences from

different isochores of the same family.

Finally, the self-consistency (non-degeneracy) property

ensures that the correlation function is well-defined. For

example, a strong positive correlation between adjacent

base pairs that is valid throughout a sequence, cð1Þ < 1,

implies, by transitivity, a moderately strong positive correla-

tion also between next-to-nearest neighbors, so that c(2)

cannot be less than 2cð1Þ2 2 1. Any postulated correlation

function c(d) must, therefore, first of all be compatible with

such constraints, or it will lead to internal inconsistencies: a

putative correlation function that is abstractly defined by

cð1Þ ¼ 0:9 for adjacent nucleotides, yet by cðdÞ ¼ 0 for all

larger inter-nucleotide distances d . 1, is self-contradictory.

The general condition is that the theoretical correlation

matrix, or Laurent matrix, ðcði 2 jÞÞi;j; where i; j ¼ 1, 2,

…, l, must remain non-negative-definite for all subsequences

or fragments of length l (e.g. Kendall and Stuart, 1976, pp.

424–428; Shiryayev, 1984, p. 233). For this condition to be

valid, no minor along the main diagonal of the Laurent matrix

may have a negative determinant. Interestingly, already a

very simple power-law correlation function, given by cðdÞ ¼

d21=4 for d . 0 and cð0Þ ¼ 1, violates this condition, since

any 4 £ 4 minor along the main diagonal of its Laurent matrix

is negative. It can, however, be made self-consistent by a

slight adjustment, namely if d is replaced by d 1 1.
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The fulfillment of the three conditions listed here

encourages the concept of a single correlation function,

approximately valid along all sequences from a given

isochore family, to be employed, and its consequences to

be explored.

4. Standard deviation of the GC distribution for an ideal
power-law correlation

Self-consistency (non-degeneracy) is fulfilled by a class

of power-law correlation functions that differ only margin-

ally from the type mentioned above: those having the

general form cðdÞ ¼ aðd 1 1Þ2g, where d . 0, and both

the factor a and the exponent g lie between 0 and 1. For

simplicity, we will make the idealizing assumption that this

equation holds perfectly for all d. It is then straightforward

to show that the standard deviation s of the fragment distri-

bution is, for sequences governed by such a correlation

function, in turn a power-law function of fragment length,

with power 2b ¼ 2g=2.

In practice this result, and the main results presented

below, will remain valid even when a function of the

above class approximates the true correlation only roughly;

rigorous results extending some of the relations to less ideal

situations can be found in Beran (1994) (where a parameter

H ; 1 2 g=2 is used). Indeed, Beran (1994) gives an

asymptotic definition of long-range correlations that

requires a power-law behavior of the correlations only

when the lag d is large (tends to infinity).

Let xp ; ð1=lÞðup 1 up21 1 … 1 up2l11Þ be the GC

content, expressed as a fraction of 1, of a fragment of

DNA of length l that ends at nucleotide (position) p,

where uj is 1 if there is a G or C at position j, or else 0.

For a sequence that can be described by a self-consistent

correlation function

cðdÞ ; ðui 2 mÞðui1d 2 mÞh i=ðmð1 2 mÞÞ

¼ ð uiui1dh i2 m2Þ=ðmð1 2 mÞÞ

we can directly calculate the variance among the fragments,

obtaining

s 2 ¼ ðxp 2 mÞ2
D E

¼
mð1 2 mÞ

l
1 1 2

Xl2 1

d¼1

ð1 2
d

l
ÞcðdÞ

 !
ð1Þ

where m ¼
�
up

�
<
�
xp

�
is the mean GC of the full sequence.

This relation holds for any form of the correlation c(d),

including the familiar correlation-free (binomial) case in

which cðdÞ ¼ 0 for all d . 0,

s 2
uncorrelated ¼

mð1 2 mÞ

l
: ð2Þ

For the power-law correlation cðdÞ ¼ aðd 1 1Þ2g, with g

around 0.3–0.5, we can approximate the sum from 1 to l 2 1

in Eq. (1) by an integral from 0 to l. This yields, when l is

large and the contribution from higher order terms is small,

the desired expression for the variance among the fragments

of length l,

s 2 < a
mð1 2 mÞ

ð1 2 bÞð1 2 2bÞ
l22b ð3Þ

where b ¼ g=2. (Further details are given in Beran (1994);

similar calculations can also be found in Taqqu et al.

(1995).)

Thus, the standard deviation s of the GC distribution is,

to a good approximation, a power-law function of the frag-

ment length l, the exponent b being half that of the inter-

nucleotide correlation function c(d). For b ¼ 0:15, 50% GC

and l ¼ 250 bp, the relative error of this power-law approx-

imation is less than 5%; for l ¼ 1 kb it is less than 2%.

A double-logarithmic plot of s vs. l should, therefore,

essentially follow a straight line of the form log s ¼

2b log l 1 b, as is indeed observed in human isochores

and isochore families (Clay et al., 2001, Fig. 3).

When fragment sizes increase, the form of the GC distri-

bution usually approaches a Gaussian, with a standard

deviation given by Eq. (3). In DNA, a power-law relation

of the form in Eq. (3) is reached already for fragment

lengths l of about 100 bp, while the Gaussian form is not

reached until fragments are longer (l . 1 kb). For short-

fragment GC distributions of an isochore family, or of a

relatively homogeneous genome such as that of a bacterium,

the asymmetry tends to be positive when the mean GC level

is less than about 42–44% GC, and negative when it is

higher. (Early examples of this tendency, which we have

since confirmed by CsCl and sequence analyses of bacteria

and mammalian isochore families, were found by Yama-

gishi (1970, 1971, 1974).)

In large-scale analyses of DNA we mainly consider frag-

ment lengths above 100 bp. For simplicity we then often

refer, neglecting rigor, to the nearly self-consistent approx-

imation ad2g , rather than to the more cumbersome exact

function a(d 1 1)2g . We will similarly neglect rigor in treat-

ing b and g /2 as identical, even though, as we have seen, this

is an approximation, and only valid for the fragment lengths

and exponent values in the ranges that interest us.

In this context, a caveat should, however, be mentioned:

the approach of the standard deviation to a power-law beha-

vior can be perturbed when correlations c(d) deviate mark-

edly from a power-law behavior, especially where distances

d are short. Since a correlogram for DNA cannot be

expected to be a perfect power function valid for all d, the

accuracy in estimating g from the relation b < g=2 will not

always be as high as suggested by the numerical examples

given above.

5. Correlation between adjacent non-overlapping
segments for an ideal power-law correlation

Calculations, analogous to those above, lead to an exact

formula for the correlation C(1) between adjacent segments
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of length l, in terms of the power-law correlation c(d)

between individual sites (nucleotides):

Cð1Þ ¼
1

s 2

mð1 2 mÞ

l2
lcðlÞ1

Xl2 1

d¼1

dðcðdÞ1 cð2l 2 dÞÞ

 !
ð4Þ

Integration again yields the corresponding power-law

approximation when the inter-nucleotide correlation func-

tion is cðdÞ ¼ aðd 1 1Þ22b:

Cð1Þ < 2122b 2 1 ð5Þ

Here and in the following, we shall use lower-case letters,

c(d), to denote inter-nucleotide correlations as a function of

the distance between their positions, and upper-case letters,

C(n), to denote inter-segment correlations as a function of

the number of segments between their positions.

It is interesting that the approximation in Eq. (5) of the

adjacent-segment correlation, which becomes accurate

when l is moderately large (above about 500 bp), is not

dependent on l, a or m . Its lack of dependence on m is

only a formal one, since b decreases with increasing

mean GC level m , up to at least 50–55% GC. On the

other hand, its lack of dependence on a and l is noteworthy.

The disappearance of the fragment length l from Eq. (5) is

a remarkable result, because it implies complete scale-

invariance (‘scaling’): the expected correlation between

adjacent segments should in principle be the same whether

one compares adjacent 1 kb segments or adjacent 10 kb

segments. Indeed, if the power-law correlation function

c(d) were perfectly valid for all distances d (an ideal, unrea-

listic situation), there would be no scale beyond which one

could neglect its large-scale effects. This property gives an

intuitively obvious meaning to descriptions of power-law

correlations as ‘long-range’ or ‘large-scale’.

As a numerical example, we consider an exponent

b ¼ 0:15, which approximates the behavior of the standard

deviation in GC-rich human isochores (Clay et al., 2001), and

leads to an adjacent-segment correlation C(1) of 0.625. This

value is, therefore, the approximate correlation coefficient R

that we expect between the GC levels of adjacent segments

from GC-rich isochores, e.g. as visualized in a scatterplot

showing GC levels of pairs of adjacent segments (‘time-

delay plot’, ‘phase plot’; cf. Clay and Bernardi, 2001).

When the segments from all isochores of a genome are

included in such plots (ignoring for now that the conditions

of Section 3 may not be fulfilled), one can obtain higher,

although again largely scale-invariant, correlation coeffi-

cients R. For example, in Jabbari and Bernardi (2000, Fig.

4), human fragment lengths of l ¼ 50 kb and l ¼ 100 kb

yield correlation coefficients of 0.83–0.88. In this case,

not only the intra-isochore correlations C(1), but also the

mosaic structure of the genome, contributes to the final

value of R, since the clouds of points representing isochore

families are spread out along the main diagonal of slope 1.

Similar scale-invariant correlation coefficients would, inter-

estingly, be expected also for a sequence that is character-

ized by b < 0:06, i.e. by the local slope of the s vs. l plot

actually observed for the total human DNA where l <
50–100 kb (Clay et al., 2001, Fig. 3). Indeed, DNA exhibit-

ing obvious mosaicism at the scale of a few isochores (i.e.

having different mean GC levels, and thus violating the

conditions for a single correlation function to be meaning-

ful) can, at much larger scales, be viewed as having a single

mean and a single long-range correlation function. In some

cases, the scales at which this view becomes appropriate

would, however, be longer than the chromosome.

Returning to the isochore scale, we should mention that it

is not always easy to verify scale-invariance of the correla-

tion in Eq. (5) within a single isochore. Isochores often do

not have perfectly invariant statistical properties throughout

their length, are not governed by perfect power-law correla-

tions, and are not long enough to allow comparison of adja-

cent-segment correlations for fragment lengths spanning

much more than one order of magnitude: although GC-

poor isochores are often longer than GC-rich isochores,

their fluctuations and expected correlations are lower, and

sample sizes quickly become insignificant in both cases.

Nevertheless, in the long, < 7 Mb, GC-poor isochore of

chromosome 21, the empirical correlation remains almost

constant, and significant, for fragments ranging from 1 to 50

kb. Its value, 0.16–0.19, remains close to the value expected

from Eq. (5), when one uses the slope of the s vs. l plot for

this isochore (Clay et al., 2001, Fig. 4) to estimate b .

6. Correlation between distant non-overlapping
segments for an ideal power-law correlation

The above calculations can be easily generalized to

obtain the correlation C(n) between non-overlapping

segments of the same length l whose positions are separated

by a distance of n segments. The exact formula is identical

to Eq. (4), except that the arguments of the correlation func-

tion are generalized: l ! nl, d ! (n 2 1)l 1 d,

2l 2 d ! (n 1 1)l 2 d. The corresponding approximation

for power-law correlations is then

CðnÞ ¼
1

2
ðn 1 1Þ 222b 2 2n222b 1 ðn 2 1Þ222b
	 


ð6Þ

(This equation has been proposed as a definition of ‘exact

self-similarity’ (Paxson and Floyd, 1995, and references

therein; cf. also Beran, 1994, p. 52).)

In the distant-segment limit (n large) we obtain

CðnÞ ¼
ð1 2 bÞð1 2 2bÞ

2
n22b 1 1 Oðn22Þ

	 

ð7Þ

For very distant segments, where the term of order n22 can

be neglected, the inter-segment correlation as a function of

the number of segments is again a power-law function, with

the same exponent as the original inter-nucleotide correla-

tion function. In other words, ‘aggregation’ of the sequence

into segments does not change the exponent. (Different
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‘scaling’ properties of DNA and of polymers in general can

be found in de Gennes (1979)).

7. Exponents of correlation, standard deviation and
Fourier spectra

By using the Wiener–Khinchin theorem, one can show

that a binary symbol sequence having a Fourier power spec-

trum of the form Sð f Þ ¼
��Af

��2/ f2a with a between 0 and 1,

is governed by an inter-symbol correlation function of the

form cðdÞ / da21, and vice versa (Li, 1997; Talenti, 1995;

Beran, 1994). In other words, Fourier amplitudes
��Af

�� /
f2a=2 that are power-law functions of the frequency f corre-

spond to correlation functions c(d) that are power-law func-

tions of the distance d. Thus, we can use any one of three

different power-laws to describe the same phenomenon,

observed in DNA: sðlÞ / l2b, cðdÞ / d2g, and

Sð f Þ / f2a, where a < 1 2 g < 1 2 2b. For example, b ¼

0:15 corresponds to g < 0:3 and a < 0:7. As the exponent

a approaches 1 (perfect 1/f noise), the exponents g and b

should approach 0, so that log–log plots of s vs. l should

become nearly horizontal.

8. Remarks on window overlap

A moving window plot of a DNA sequence, obtained by

plotting the GC level of each window position over the

midpoint of the window, is a GC level plot of possible

fragments. A question that may appear relevant in the

context of other papers presented in this issue (Clay et al.,

2001; Clay and Bernardi, 2001) is which degree of overlap

(step size between successive positions of the window)

should be used in order to best simulate the fragment collec-

tions represented by experimental CsCl profiles, i.e. by GC

distributions obtained via density gradient ultracentrifuga-

tion.

A quick back-of-the-envelope calculation shows that a

sample of a species’ DNA that consists of random DNA

fragments of the same length should be roughly equal to

the non-random collection of all possible fragments (subse-

quences) of that length, since the latter fragment set is what

a window of that length yields, when it has moved through

the complete genomic sequence with a step size of 1 bp.

Indeed, a typical preparation of mammalian DNA used for

obtaining CsCl profiles by analytical ultracentrifugation

contains about 5 £ 104–5 £ 105 cells (Macaya et al., 1976),

while the highest molecular weight preparations that can be

reliably studied by CsCl gradient ultracentrifugation have

lengths of about 5 £ 104–5 £ 105 bp (cf. Macaya et al.,

1976). Thus, if in each cell of the preparation the genome

were fragmented or broken at different positions, each

possible fragment of a given size would be represented

approximately once in the sample. The choice of ‘overlap-

ping’ windows (which, as we see here, does not correspond

to an overlap in any of the samples’ cells) is not only realis-

tic, but it also has the advantage that it yields smoother

histograms, encoding more information on the sequences

(see, for example, Clay et al., 2001, Fig. 2).

The distinction between overlapping and non-overlap-

ping fragments is crucial when calculating a correlation

between the GC levels of successive fragments of a corre-

lated sequence, e.g. when deriving Eq. (4). On the other

hand, when calculating the standard deviation of the frag-

ments’ GC levels, this distinction is largely academic. If we

consider a large collection of identical-length fragments

covering a long DNA sequence (long compared to its typical

GC fluctuations, to ensure a representative sample, and long

compared to the fragments’ lengths, to ensure a large non-

redundant sample), then their standard deviation will be

independent of their overlap. In the uncorrelated case it

will always be given by Eq. (2), and in the correlated case

by Eq. (1). If this seems counter-intuitive at first, it can be

easily understood by imagining the sequence first parti-

tioned into a cover of non-overlapping segments, then into

another non-overlapping cover in which all segments are

displaced with respect to the first: the two covers will

obviously have standard deviations that are similar to each

other, and therefore also to that of the overlapping cover

obtained when their segments are pooled.

Acknowledgements

I am indebted to Giorgio Bernardi, Gabriel Macaya,
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