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Abstract

We report statistical studies of correlation properties of∼7500 gene sequences, covering coding (exon) and non-coding
(intron) sequences for DNA and primary amino acid sequences for proteins, across all three domains of life, namely Eukaryotes
(cells with nuclei), Prokaryotes (bacteria) and Archaea (archaebacteria). Mutual information function, power spectrum and
Hölder exponent analyses show exons with somewhat greater correlation content than the introns studied. These results are
further confirmed with hypothesis testing. While∼30% of the Eukaryote coding sequences show distinct correlations above
noise threshold, this is true for only∼10% of the Prokaryote and Archaea coding sequences. For protein sequences, we
observe correlation lengths similar to that of “random” sequences. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Statistical analysis of gene sequences has been a
subject of considerable recent interest. In particular,
efforts to compare statistical properties of the coding
(exons) and the non-coding (introns) regions of DNA
are being pursued. It is well known that the coding
regions are translated into proteins. However, the ori-
gin of the non-coding regions of DNA is still unclear.
A basic question arises whether they developed from
the coding regions. Whether the introns and exons
have similar or different statistical properties is a
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critical data point for any theory to explain the origin
of introns.

Different techniques, such as formulae derived from
Shannon’s entropy [1–7], spectral analysis [1,2,8–10],
detrended fluctuation analysis [11,12], wavelet trans-
formations [13–15], entropic segmentation and fractal
structures [16,17] and random walk analysis [18–21],
have been used to determine the information con-
tent in gene sequences. Long-range correlations were
reported to exist in introns, while exons were indis-
tinguishable from random sequences [1–2,11–15,18].
Azbel [21] claimed that no long-range correlations
exist in both coding and non-coding DNA sequences.
In the effort to examine any distinction in correlations
between introns and intronless DNA, the values of
the exponent of a power law, as used in [8,18], were
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evaluated for both types of sequences, and the fits
were done on a wide range of window sizes of the
nucleotides. They concluded that no consistent dif-
ference in the value of the exponent could be found
for the intron-containing versus the intronless se-
quences [22–23]. Therefore, further work is warranted
to clarify the apparent contradictions in the above
results.

The goal of this work is to investigate the simi-
larities or differences in the statistical properties of
introns and exons using large data sets from var-
ious specimens and to obtain a more comprehen-
sive picture of the problem. Our paper examines
the correlation content of biological sequences de-
rived from high-throughput genome sequences across
all the three domains of life, namely, Eukaryotes,
Prokaryotes and Archaea. We determine the corre-
lation content using several different mathematical
techniques, namely, mutual information function,
symbolic power spectrum, and Hölder exponent.
This approach minimizes the bias in any particular
method. We have performed a statistical test, known
as hypothesis testing, on the results obtained from
the above mathematical methods to strengthen their
validity. In addition to comparing the correlation
content in coding and non-coding DNA sequences
in the Eukaryote domain, the following questions
are addressed in this paper: (1) How does the cor-
relation content vary, if at all, between the coding
regions of the Archaea and Prokaryote domains and
the coding regions of the Eukaryote domain? (2)
Is there any distinction in the correlation content
of coding DNA sequences, composed of the four
nucleotides, namely, Adenine (A), Cytosine (C),
Guanine (G) and Thymine (T), with respect to their
corresponding protein sequences consisting of the
20 amino acids, namely, Alanine (A), Leucine (L),
etc.?

Section 2 describes the gene data sets we studied.
Section 3 explains the mathematical methods used
to measure the degree of correlation in the gene se-
quences. In Section 4, we describe the hypothesis
testing. The results and discussion are presented in
Section 5. Finally, the conclusions are narrated in
Section 6.

2. Gene data sets studied

In order to achieve high confidence in the statis-
tical results, we restrict our investigation to “long
exons”, “long introns” and “long proteins”, namely
those of length≥500 nucleotides for DNA based se-
quences and≥500 amino acids for protein sequences.
Non-redundant genes are selected from GenBank.
Overall, ∼7500 intron sequences as well as exons
and their corresponding protein sequences are stud-
ied for the following specimens: (a) non-coding
sequences for chicken, fly, fungus, human, mice, pri-
mate (non-human) and worms, (b) coding sequences
for Archaea, Prokaryotes, chicken, fly, fungus, human,
mice, primate (non-human), and worms.

3. Mathematical measures of correlation content

3.1. Mutual information function

The mutual information function (MIF) is a statisti-
cal measure of the correlation in a symbolic sequence.
This method is derived following Shannon’s defini-
tion of entropy [3]. The correlation length calculated
from MIF measures how the auto-correlation function
of a symbolic sequence changes with distance. MIF is
defined as

M(d) =
∑
a,b

Pa,b(d) log

(
Pa,b(d)

PaPb

)
, (1)

wherePa andPb are the probability of occurrence of
the symbolsa and b, respectively, andPa,b(d) mea-
sures the joint probability of occurrence ofa andb at
a separation ofd.

First, “random” sequences, with the same length
and same percentage of constituent symbols as the
gene sequence to be studied, are generated. We com-
puteM(d) for both “random” and gene sequences fol-
lowing Eq. (1), and these MIF results are compared
with each other. The smallest value ofd for which
MGene(d) ≤ MRandom(d) gives the correlation length
dc. In order to increase the confidence level of the cor-
relation estimates, five different “random” sequences,
with varying initial seeds, are generated for each gene
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sequence. Therefore, we obtain five values ofdc. We
define the correlation length of a gene sequence to be
the average of the five values ofdc.

In order to determine a meaningful value ofdc

for a gene sequence, we determine the approximate
average correlation length of random sequences. For
two random sequences, r1 and r2, the probability that
Mr1(1) ≤ Mr2(1) is 0.5. Assuming statistical inde-
pendence, the probability that bothMr1(2) ≤ Mr2(2)

and Mr1(1) ≥ Mr2(1) is 0.25. Therefore, it follows
that the probability thatdc = k is approximately 0.5k .
The expected value ofdc for two random sequences
is then approximately

0.5 × 1 + 0.25× 2 + 0.125× 3 + . . .

+k(0.5)k + . . . , (2)

which converges to 2. Thus, random sequences have
an average correlation length approximately equal to
2. One can show in this fashion that if we average
over five random sequences, there is less than 5%
probability that the average value ofdc is greater than
4. Thus, from the viewpoint of correlation length the
criterion for non-randomness asdc ≥ 5 will have
a statistical confidence level of greater than 95%.
Therefore, we have useddc = 4 as the noise thresh-
old for MIF studies. Numerical results in Section 5.1
also support this claim.

3.2. Symbolic power spectrum

To calculate the power spectrum for gene sequences
it is necessary to first transform them into a numerical
sequence. We symmetrically assign a vector to each
of the four bases A, C, G, and T. The four vectors
are equidistant from each other, and their sum is zero.
We can now construct a regular tetrahedron using
these vectors. While a 3D space is the lowest possible
dimension to describe a tetrahedron, it is much sim-
pler, in the present context, to express the coordinates
of a regular tetrahedron in 4D space. For example,
the following four vectors are equidistant from each
other: (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), and (0, 0,
0, 1). To make these vectors sum to the zero vector
(0, 0, 0, 0), we subtract 0.25 from the value of each
coordinate of the above four vectors. Thus, the fol-

lowing coordinates are obtained for the nucleotides A,
C, G and T: A= (0.75, −0.25, −0.25, −0.25); C =
(−0.25, 0.75, −0.25, −0.25); G = (−0.25, −0.25,
0.75, −0.25); and T= (−0.25, −0.25, −0.25, 0.75).
Using these vectors, the power spectrum is calculated
as follows:

P(f ) =
4∑

c=1

1

N

∣∣∣∣∣∣
N/2∑
j=0

χc(j) e[−i2π(f/N)j ]

∣∣∣∣∣∣
2

,

f = 0, . . . , 1
2N. (3)

Here,N is the sequence length andχc(j ) thecth coor-
dinate of the vector corresponding to thejth symbol.
The unit of frequencyf is 1 cycle per 512 symbols or
nucleotides; note that similar definition was used in
[2]. The above method for calculation of the power
spectrum is independent of the choice of coordinates
for a regular tetrahedron in 4D space.

3.3. Hölder exponent

We now address the Hölder exponent [24] calcula-
tions. Consider a functionf (x), wherex is a real num-
ber, butf (x) may be a number or a vector. Then,f (x)
is Hölder continuous atx0 with exponentα if there
exists a constantc > 0 such that|f (x) − f (x0)| ≤
c|x − x0|α for all x sufficiently close tox0. This leads
to the following definition of the average Hölder ex-
ponentα for a continuous functionf(x) on a bounded
interval as the limit (provided it exists):

α = lim
h→0

log〈|f (x + h) − f (x)|〉
logh

, (4)

where angle brackets〈 〉 denote average overx in the
given interval. To calculate a meaningful Hölder expo-
nent for DNA sequences, we determine the cumulative
sum of the above vectors assigned to A, C, G, and T.
Analogously, summing the vectors corresponding to a
random sequence yields Hölder exponent of 0.5. On
the other hand, the Hölder exponent of a smooth func-
tion, such as cos(x) is 1. The functionf (x), whose av-
erage Hölder exponent is to be determined, is defined
as the following:

f (x) =
∑
j≤x

X(j), (5)
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whereX(j) = (0.75, −0.25, −0.25, −0.25) if the jth
symbol is A. For C, G, and T we use their correspond-
ing vectors defined in Section 3.2.

Returning to Eq. (4), a least-squares fit is made to
the plot of the numerator, which we callH(h), versus
the denominator, logh, and the average Hölder expo-
nent is calculated for 1≤ h ≤ n − 1, wheren is the
sequence length.

4. Hypothesis testing using large sample theory

In order to strengthen our analysis of the results
on Eukaryote introns and exons obtained from MIF,
symbolic power spectrum and Hölder exponent, we
perform hypothesis testing as described below.

For each of the above three methods, we define a
characteristic valuex for exons andy for introns. For
example, in the case of MIF,x andy correspond to the
correlation lengths for exons and introns, respectively.
Let µx andµy correspond to the true mean character-
istic value for exons and introns, respectively. We want
to test the null hypothesis, H0 : µx = µy , against the
both-sided alternative hypothesis H1 : µx 6= µy . To
examine this hypothesis we use large sample theory
[25]. According to this theory the test statistic valuez
is defined as

z = x̄ − ȳ√
s2
x/n1 + s2

y/n2

. (6)

Here x̄ is the average of the characteristic exon data,
ȳ the average of the characteristic intron data,s2

x

the variance of the characteristic exon data set,s2
y

the variance of the characteristic intron data set,n1

the number of exons andn2 the number of introns.
When comparing H0 versus H1, one must reject H0
if |z| > zα/2. We choose hereα = 0.05 (95% confi-
dence level) so thatzα/2 = 1.96.

5. Results and discussion

5.1. Mutual information function results

Sample MIF results for both coding and a
non-coding DNA sequence in the Eukaryote domain

Fig. 1. Mutual information function (M(d) versusd) for sample
Eukaryote DNA sequences. (a) The solid line represents the sam-
ple Eukaryote intron sequence. The long dashed line represents
a “random” sequence of identical length and percentage of nu-
cleotides as the sample intron. The dotted line represents a dif-
ferent “random” sequence with identical length and percentage
of nucleotides as the sample intron. (b) The solid line represents
the sample Eukaryote exon sequence. The long dashed line rep-
resents a “random” sequence of identical length and percentage
of nucleotides as the sample exon. The dotted line represents a
different “random” sequence with identical length and percentage
of nucleotides as the sample exon.
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Fig. 2. Distribution of correlation lengths for DNA and protein
sequences from mutual information function calculations. (a) The
dotted line represents the random cases, and the long dashed
line and the solid lines represent, respectively, sample introns and
exons in the Eukaryote domain. (b) The dotted line represents the
sample Prokaryote coding cases, the long dashed line represents
the sample Archaea coding cases and the solid line represents
sample Eukaryote exons. (c) The long dashed line represents the
sample protein sequences and the solid line represents sample
Eukaryote exons.

along with the corresponding MIF results for two
“random” sequences are shown in Fig. 1(a) and (b).
Notice how MIF of the “random” sequences in both
figures behave almost identically to each other, in
that, the two random sequences in each case inter-
sect at values ofd < 4. However, untild ∼ 20, the
MIF of the sample Eukaryote non-coding sequence
behaves distinctly from the MIF of the two “random”
sequences. Also, in the case of the coding sequence,
until d ∼ 20, the MIF of the coding sequence be-
haves distinctly from the two “random” sequences.
This shows the non-random feature existing in the
structural layout of the DNA sequences.

Some characteristic MIF results are displayed in
Fig. 2 to show the distribution of correlation lengths
in gene sequences. Fig. 2(a) shows the distribution of
correlation lengths for specimens in the Eukaryote do-
main. Several characteristic cases are shown here, for
example, fungal exons and human introns in contrast to
“random” sequences. More than 95% randomly gener-
ated sequences have correlation lengths less than five
symbols, i.e.,dc < 5. This agrees with the mathemat-
ical argument regarding the mean correlation length
presented in Section 3.1. The distribution of correla-
tion lengths for sample introns and exons overlap, by
and large, with each other, and they are distinct from
the random curve. For both sample intron and exon se-
quences, significant correlations (dc ≥ 5) is observed
in ∼60% of the cases. Longer correlation lengths, with
maximumdc ranging from∼10 to ≥500, are notice-
able in∼24% of the cases. This suggests that a high
percentage of fungal exons and human introns have
correlations well above the noise threshold. For the
other exon and intron specimens studied,1 ≥30–60%
of the cases shows correlation lengths ofdc ≥ 5.

Fig. 2(b) shows the distribution of correlation
lengths in the coding regions of Archaea, namely,
Methanococcus jannaschii, and the coding regions
of Prokaryotes, namely,Haemophilus influenzae. For

1 Previous studies [4,5] of some specific exon sequences, primar-
ily from yeast chromosomes, reported a period-three oscillation.
Our results for these specific sequences also show some periodic
oscillations. However in this paper, we have studied larger sample
size with the goal to examine the overall statistical properties of
both exons and introns.
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Table 1
Mutual information function results of exons and introns and hypothesis testing

Case Percentage withdc ≥ 5 Mean correlation length Test statistic (z-value) Result

Eukaryote exons 43 33 3.3 |z| > zα/2; reject H0

Eukaryote introns 42 10

comparing the results among the three domains of life
we also include the sample Eukaryote exons which
were displayed earlier in Fig. 2(a). The distribution
plots for both the Prokaryote and Archaea show a peak
at dc ∼ 2, and then decreases untildc = 7. This indi-
cates that the structural layout in the coding regions
of Archaea and Prokaryotes are, for the most part,
similar to that of noise, while the sample Eukaryote
exons have distinct properties. Therefore, a distinction
in the correlation structures is observed between the
Eukaryotic domain and the Archaea and Prokaryotes.

Fig. 2(c) shows the distribution of correlation
lengths in sample Eukaryote proteins, i.e., sequences
of the 20 amino acids, and their corresponding exon
sequences. Roughly 94% of the cases for the above
proteins have an average correlation length of∼1.
We have found that other protein sequences, namely,
human, mice, etc., have nearly 100% of the cases
with dc ≤ 2. This type of low value of correlation
length has been observed in the “randomly” gener-
ated sequences (sequences composed by randomly
generating 20 different symbols). So, most protein
sequences exhibit “noisy” (dc < 5) correlation struc-
tures and their correlation lengths are much smaller
than their corresponding exon sequences.

One of the main goals of this study is to investigate
if there are significant overall differences in correla-
tions for coding versus non-coding DNA sequences.
Since the Prokaryote and Archaea domains do not
have introns, we make this comparison in the Eu-
karyote domain only. To obtain the largest possible
sample we grouped all the Eukaryote exon specimens
into a single specimen and called it the Eukaryote
exons. Likewise all the introns are grouped into a sin-
gle specimen, Eukaryote introns. We then calculated
the mean correlation length for each group and the
percentage of Eukaryote exons and Eukaryote introns
that have a value ofdc ≥ 5. These results are pre-
sented in Table 1. We obtain a larger mean value ofdc

for the exons compared to the introns and a slightly
greater percentage ofdc ≥ 5 for Eukaryote exons
than introns. In order to further examine the statisti-
cal meaningfulness of these results, we perform the
hypothesis test described in Section 4. Thez-value
from Eq. (6) was greater than 1.96, so we rejected
the null hypothesis at the 95% confidence level. Since
the test suggests that the greater percentage of ex-
ons havingdc ≥ 5 is statistically significant and the
mean correlation calculated is much larger for exons
than introns, we conclude that the true mean corre-
lation length for the exons is greater than that of the
introns.

It is interesting to notice that there is a wide sep-
aration in the mean correlation length for the exons
compared to the introns while the percentages of ex-
ons and introns withdc ≥ 5 are very close, within 1%.
The difference in the mean values of the correlation
lengths is primarily due to a greater number of exons
with very large correlation lengths (dc ≥ 500).

5.2. Symbolic power spectrum results

Next, we show the symbolic power spectrum re-
sults. We determined the scaling of the powerP ver-
sus frequencyf over a spectral range of 6–30 units;
we defined the frequency unit in Section 3.2. We ob-
tained the least-squared value of the spectral index2

2 It has been argued in Ref. [11] that the meaning of a measured
value of the spectral index,β, may be dubious because of the
dependence of the scaling range on the parameters, in particular,
the window size for computing the power spectrum. However,
in our paper, we have fitted the 1/f β power law in the same
low-frequency region for both introns and exons. We then useβ

only to make relative comparisons of correlation content between
exons and introns. Though our range for scaling estimates is
relatively short, we consistently measure a value ofβ in this range
across a large number of sequences. The values ofβ, as obtained
here, will not occur in a sample of random sequences. The power
spectrum results reveal non-random correlation structures in gene
sequences.



394 S. Guharay et al. / Physica D 146 (2000) 388–396

Fig. 3. Symbolic power spectrum for a sample Eukaryote in-
tron (fitted using a 1/f β power law). The dashed line represents
least-squares fit from 2 to 30 units of frequency.

β for which the power spectrum scaled like 1/f β . In
Fig. 3, a sample symbolic power spectrum result for a
human intron is shown, and the spectral index isβ =
0.33± 0.03.

As in the case of the MIF, we want to compare
the introns versus the exons. We determined the mean
spectral indexβ̄ for the Eukaryote exons and introns.
The results in Table 2 show a slightly largerβ̄, by
0.01, for Eukaryote exons than introns. Like MIF, we
also performed a large sample hypothesis test on the
results. Thez-value here was greater than 1.96, and the
null hypothesis H0 was rejected hypothesis at the 95%
confidence level. As in the case of the MIF, since the

Table 2
Symbolic power spectrum results of exons and introns and hypothesis testing

Case β̄ Test statistic (z-value) Result

Eukaryote exons 0.13 8.7 |z| > zα/2; reject H0

Eukaryote introns 0.12

Table 3
Hölder exponent results of exons and introns and hypothesis testing

Case ᾱ Test statistic (z-value) Result

Eukaryote exons 0.77 3.1 |z| > zα/2; reject H0

Eukaryote introns 0.75

Fig. 4. Hölder exponent calculation for a sample Eukaryote intron.

calculated mean spectral index was slightly larger for
the case of the exons rather than introns, this suggests
that the true mean spectral index is slightly greater for
the exons than the introns.

5.3. Hölder exponent results

Along with the above MIF and power spectrum
studies, we calculate the Hölder exponent for Eukary-
ote exons and introns. Fig. 4 shows a sample Hölder
exponent plot for a human intron. The least-squares
fit reveals that the average Hölder exponentα for
this case is 0.75 ± 0.03. We determined the mean
Hölder exponent,̄α for the Eukaryote exons and in-
trons. The results are shown in Table 3. The value of
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ᾱ for exons was slightly larger, by 0.02, thanᾱ for in-
trons. From the hypothesis testing we obtain az-value
greater than 1.96 and thus reject the null hypothesis
at the 95% confidence level. As in the case of MIF
and power spectrum analysis, since our data shows
the calculated average Hölder exponent of exons to be
slightly larger than introns, this suggests that the true
mean Hölder exponent is slightly larger for exons than
introns.

6. Conclusions

A key point of this article is comparison of the
correlation structures of a large number (∼7500) of
gene sequences. Exons and introns in the Eukary-
ote domain, in general, exhibit distinct correlation
content from “random” sequences. While the mean
correlation length computed from MIF is quite dif-
ferent for exons and introns, the percentage of cases
with dc ≥ 5 is very close, within 1%. The sym-
bolic power spectrum analyses show that the mean
spectral indices for exons and introns are very close,
namely, 0.13 versus 0.12. The mean Hölder expo-
nents for exons and introns are also similar, namely,
0.77 versus 0.75. The trends of results from the three
independent mathematical methods are similar to
what is noted by the tests using the large sample
theory.

In the Archaea and Prokaryote domains, a large
percentage of exons (∼90%) show correlation lengths
shorter than the exon sequences in Eukaryotes. This
possibly indicates that when life diverged from a
common ancestor, Eukaryotes may have experienced
evolutionary selection that resulted in greater de-
grees of correlations in their gene sequences. Over
the course of evolution, a majority of the Eukaryotes
developed structures with high correlation lengths.
This may reflect a reduced randomization of their
sequences compared to that of the Archaea and
Prokaryotes.

Proteins are formed from compressing the DNA se-
quences into triplet codons, and indeed we observe
that they have significantly smaller correlation lengths
than their corresponding coding sequences. The cor-

relation lengths observed in the proteins are indistin-
guishable from noise.

This study augments our understanding of the infor-
mation contained in a large number (∼7500) of gene
sequences across all the three domains of life. Roughly
100 times the current amount of gene sequence data
will be generated in the next 5 years, and the methods
presented in this study will be useful for analyzing
new larger volume of data.
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