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Abstract. In this paper, we study how to presert gene expression data to display similarities by
trying to nd a linear ordering of genessuch that geneswith similar expressionproles will be close
in this ordering. In general, nding the best possible order is intractable. Therefore we assumethat
hierarchical clustering has been applied to the gene expressionproles and show that the best order
respecting the clustering can be computed exciently. We perform experiments comparing the optimal
order to seweral other methods. The implementation of the algorithm, as well as a simple program for
viewing hierarchically clustered expressionarray data and the complete results of our experiments are
available at http://monod.uwaterloo.ca/supplements/Olexpr/

1 Intro duction

Microarray technology can provide sciertists with genome-scalénsight into the state of a cell under di®erert
conditions. A single microarray experiment measuresthe relative level of expressionof every genein the
organism at the sametime. To monitor certain cellular processesve can perform several microarray experi-
ments in a time seriesor under di®eren conditions. Sud a seriesof obsenations can enhanceunderstanding
the role of a genein this process.

With thousands of genesand tens of experimernts, the immenseamount of biological data produced by
microarrays cannot be evaluated purely by humans. Computer analysisand visualization of this information
is therefore an important area of researti. We can either apply automated data mining techniquesto the
data, or try to preser the information in a way that can be handled and usedby sciertists on genomicscale.

This paper explores excient algorithms for one step of displaying such data in a way that it can be
analyzed by humans: ordering the geneson the display to best illustrate trends in gene expression. A
generalformulation of this unrestricted problem is computationally intractable (seeSection2.2). A natural
alternativ e approad, taken by Eisenet al. [5], is to restrict the orderingsto thoseillustrating a high-quality
hierarchical clustering of the genes.Figure 1 shows an example of a diagram resulting from their technique.
In such a diagram one can easily obsene both the expressionpro les of similar genesand the clustersformed
by the clustering algorithm. As a consequencethis approad has been used successfullyto analyze many
experimerts; seefor example[1,13,16,20,21] and many others.

In this paper, we show that the ordering phasein Eisen et al.'s technique [5] can be solved optimally
by an excient polynomial-time algorithm. In comparisonto the heuristic solution suggestedby Eisenet al.,
our experimental results shav that the optimal ordering canimprove a standard measureof quality by 25%,
which facilitates better understanding of geneexpressionin microarray technology.

To understand the ordering phasethat we solve, we rst give a generaldescription of the method taken
by Eisen et al. [5], which is divided into three steps.

First, hierarchical clustering is performed on the data, producing a binary tree in which genesare rep-
reseried by the leaves of the tree. Geneswith \similar* expressionproles should be located in the same
subtree. Variations of hierarchical agglomerative clustering algorithm are most commonly usedfor hierarchi-
cal clustering, such as averagelinkageclustering [24]. Other options include neural networks [7]. For surveys
on clustering, seee.g.[3,11,22].



Second,the list of genesis reorderedin a way consistert with the tree, i.e. sothat ead subtree of the
tree correspondsto a corntiguous sequenceof genesin the list. Thus geneswith \similar" expressionpro les
will be located closeto ead other in the list.

Third, the resulting ordered collection of numbers is presened to the userin a way that is easyto
assimilate. Each data point is represenied by a coloured box, where the colour represens a number. The
colouredboxesare organizedin a table, whererows represen genes(ordered accordingto the previous step),
and columnsrepresen single experiments. The hierarchy of the tree is drawn on the side of the colour box.
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Fig. 1. Response of human "broblasts to serum. Geneswith high ex-
pressionlevels were selectedfrom the data set [10]. The hierarchical clustering
tree was then generated by program Cluster [4]. The leaves of the resulting
tree (genes) have beenrearranged by our algorithm (seeSection 2). The gene
expression pro les were then visualized as lines of colour boxes, eadh box
corresponding to one data point.
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To construct the tree, Eisenet al. needto expresssimilarity of behaviour betweentwo genesasa number.
It is possibleto useeither somesimilarity measure(i.e., a higher number for more similar genes)or a distance
measure(i.e., a lower number for more similar genes).Often it is possibleto transform a similarity measure
to get a distance measure.Eisen et al. use the standard correlation coexcient { the dot product of two
normalized vectors { asthis similarity measureseemsto be biologically meaningful. Here we assumethat a
distance measurebetweenthe genesis given, either asa function or in tabular form. Furthermore, we assume
that the tree itself is given, constructed either by the methods of Eisen et al. or by other techniques, and
we focus on the geneordering. In particular then, the results of this paper hold for other distance measures
and other trees as well.

In this setting, it is possibleto formulate the problem asfollows: nd an optimal linear ordering of genes,
such that geneswith similar expressionproles are closetogether. In particular, we want to minimize the
sum of distancesbetween geneexpressionpro les adjacert in the linear ordering. As mertioned above, the
unrestricted form of this problem cannot be solved exciently, for aswe will seein Section2.2 the problem is
NP-complete. However, in the context of Eisenet al.'s method, the ordering must satisfy a desiredhierarchical
clustering, and subject to that constraint minimize the sum of distancesbetween adjacert geneexpression
proles. If there are n genes,then there are 2"i  possible linear orderings that are consistert with the
hierarchical clustering. Hencethe obvious algorithm of trying all possiblelinear orderings is infeasible.

Sincethis appearsto make the problem computationally intractable, Eisen et al. therefore proceededto
compute a linear ordering with a simple heuristic: assignsomeweight to ead gene(for example the average
expressionover all experiments or a position of the genein chromosome). Then for any two children of a



node in the tree, compute the averageweight of the two subtrees,and put the subtree with smaller average
weight to the top.

As we will show in this paper, nding the optimal linear ordering that is consistert with the hierarchical
clustering in fact is computationally tractable. We give an O(n?®) time algorithm to solve this problem.

Our results showv that among the di®erert orderings we consider|optimal ordering, Eisen's ordering,
and random ordering|no one ordering is superior either in cost or appearance.Quantitativ ely, the optimal
ordering improveson the cost of Eisen's ordering by around 25%. Furthermore, the TSP heuristic ordering
has a slight advantage over the others in terms of cost. Qualitativ ely, however, there are only small visible
variations in the pictures, and, in particular, the TSP ordering appearsto be the most disordered of the
orderings.

The rest of the paper is organized as follows. In Section 2 we give a description of our algorithm, as
well as notes on how the algorithm can be extended to other di®erert possible settings and metrics. We
have implemented our algorithm together with seweral other methods to rearrange the list of genesand a
simple tree viewing program. We usedthese programs, together with program Cluster [4] to perform seweral
experimerts on real data. The results of these experimerts are summarizedin Section 3. We give concluding
remarks in Section 4. Our programs, as well as the complete results of experiments are available as a web
supplemer to the article at http://monod.uwaterloo.ca/supplements/Olexpr/

2 Computing an optimal linear ordering

In this part of the paper, we explore how to compute the optimal linear ordering of geneexpressionproles,
assumingthat a distance metric and a hierarchical clustering have been xed. We rst brie°y discussthe
computational intractabilit y in the absenceof a hierarchical clustering. Then we provide a dynamic pro-
gramming algorithm and discusshow to improve it with matrix multiplication. Finally, we considerpossible
improvemens and variations.

2.1 Notation

We assumethat there are n geneexpressionpro les, numbered 1;2;:::;n. For i 6 j, denote by d;; the
distance betweengenei and j. We assumethat di; , Oandd; = dj;.

For most of this paper, we assumethat the hierarchical clustering has beengiven, in the form of a tree
T with the n genesat its leaves.For any node v in T, de ne T(v) to be the subtree of v rooted at v.

2.2 Ordering without clustering

Ideally, one would like to obtain a linear order of all genesthat puts similar genescloseto ead other. So
one would like to obtain an ordering such that for any two consecutive genesthe distance betweenthem is

b 1
Aygiy i +1)
i=1
is minimized.

Unfortunately, this problem is NP-complete, and henceappearsto be computationally intractable. Note
in fact that the problem is the sameas the problem of 'nding a tour among n cities suc that the total
distancetravelled is minimized. This so-calledTraveling SalesmanProblemis well-known to be NP-complete
[6].

If the distance measureis a metric, i.e., if the distance measuresatis es the triangle inequality di;

dix + di;j, then we can apply approximation algorithms to nd an ordering of genesthat is provably not far
away from the optimum. Indeed, the problem can be approximated within ratio % in O(n?) (see[8)).



2.3 A dynamic programming solution

We now assumethat a hierarchical clustering in form of atree T hasbeen xed. We can compute an optimal
ordering that respects the clustering using dynamic programming to compute the optimal orderings for all
subtrees.Note that we could usethe samedynamic program to minimize the maximum distance instead of
minimizing the averagedistance.

The basicideais to create(nj 1) £ n £ n table A with the following meaning. For any internal node v
of T, and any two genesi and k that are at leavesin the subtree T (v), de ne A(v;i; k) to be the cost of the
best linear order of the leavesin T(v) that beginswith i and endswith k. We allow i = k in the casewhen
T(v) contains only oneleaf, i.e., whenv = i = k is a leaf.

To compute the valuesof A, we start with the leavesand de ne A(i; i; i) = 0. Now assumethat v is an
interior node with children w and x. Let i and k be two genesfor which we want to compute A(v;i; k). If
(say) both i and k belongto T(w), then the optimum order is unde ned, and we set A(v;i; k) = 1. So
assumethat (say) i 2 T(w) and k 2 T(x). We then set

A(v;i; k) = 112T(vl:/r)];|jr122T(x)A(W’|’]1) +dji, ¥ A j2:K): (8]
This formula is explained asfollows: Assumethat we knew the optimal linear order of T (v) that starts with
i and endswith k. Note that sincei 2 T(w), and becausethe order respects the hierarchical clustering, the
‘rst elemerts of the order are an order of T (w), and the remaining elemerts are an order of T (x). Setj; to
be the last leaf (in this order) of T(w), then A(w;i; ;) describesthe cost of this order of T(w). Setj, to
be the “rst leaf of T(x), then A(X;j»;k) describesthe cost of the order of T(x). Finally, we must add the
distance betweenj; and j,, asthis distanceis added for the order of T (v).

Sincewe do not know which elemen of T(w) and T(x) will belast/rst in the optimal order, we simply
try all possibleelemens and take the minimum value obtained.

The time complexity of this algorithm is O(n®), sincethere are O(n®) entries of A to be Tled, and Tling
ead entry involvestesting O(n?) combinations of j; and j,.

2.4 An O(n3) solution

To improve the time complexity of the dynamic programming algorithm, we look at ways to compute
Equation (1) more ezciently. Let us replace momentarily the "+' by a multiplication, and the "min' by a
summation. The formula then becomes
X X
A(v;i; k) = A(w; iy j1) ¢, CA(X; j2;K):
j12T (W) j22T(x)

In this form, the equation becomesa double matrix multiplication. More precisely assumethat there are n
leavesin T(v), of which k leavesare in T(w) and nj k leavesare in T(x). To compute the n £ n-matrix
Ay = (A(v;i;j)), we must \multiply" the k £ k-matrix Ay = (A(w;i; j1)) with the distance-matrix (d;,;,),
which in turn is \multiplied" with the (nj k) £ (nj k)-matrix Ax = (A(X;]2;Kk)).

We will from now on usethe term \matrix multiplication" wherein reality we meantaking the minimum
of a collection of sums for ead entry of the matrix. Such a matrix multiplication can clearly be done in
O(n?) time. Overall this leadsto an O(n*) algorithm, becausewe may have to do the matrix multiplication
once per level of the tree, and there may be O(n) levelsin the tree.

But in fact, the time complexity is only O(n®), as can be shown by a tighter analysis. Let t(n) be the
time to compute the n £ n-matrix (A(v;i; k)) of a tree T(v) with n nodes.

To compute this matrix, we rst must recursively nd the matrix for the left subtree which we assumeto
have k nodes.This takest(k) time. We alsomust compute the matrix for the right subtreewhich takest(nj k)
time. Finally, we must do a double matrix multiplication. To multiply a k£ k-matrix with ak£ (nj k)-matrix
takestime O(k?(nj k)). To multiply the resulting k£ (nj k)-matrix with an(nj k)£ (nj k)-matrix takes
O(k(nj k)?) time. Hencet(n) obeysthe recurrencerelation

t(n) = t(k) + t(ni k) + ce(k*(nj k) +k(ni k)?);



for a suitable constart ¢> 0. By induction on n we can prove that t(n) - c¢n3. For n = 1 the claim holds
by choosingc appropriately. For the induction step, obsene that both k and nj k are smaller than n. Using
induction, we then have

t(n) - ce(k3+ (nj k)2+ K3(nij k) + k(nj k)?)
ce(k®+ (n®; 3n%k+ 3nk?; k%) + (nk?i k3 + (n%ki 2nk?+ k?))
ce(n®i 2n2%k + 2nk?) = c¢(n®*+ 2nk(kj n)) < c¢en®

sincek < n. Thus we can compute the matrix (A(r;i; k)), wherer is the root of the tree, in O(n?®) time. The
optimal order is then the one that createsthe minimum possibleentry in (A(r;i; k)). Actually 'nding the
order can be done with usual dynamic programming techniquesthat store in an additional table the indices
for which the minimum has beenfound.

The memory required to compute the matrix can be reducedto O(n?) asfollows: Obsene that for given
leavesi; j, there exists only one vertex v in the tree for which A(v;i; j) is not in nit y, namely, the nearest
common ancestorof i and j. Hence,it sutcesto compute a matrix B(i;j) that cortains the unique entry
A(v;i; j) that is not in nit y.

Theorem 1. The optimal linear order of geneexpressionpro les that is consistent with a given hierarchical
clustering can be computed in O(n?) time and O(n?) memory.

2.5 Impro vements and variations

Giventhe closeconnectionto matrix multiplication, it is natural to attempt to speedup the algorithm in the
previous sectionby applying fast matrix multiplication. Namely, Strassen'salgorithm [25]and improvemerts
thereof[2] that allow (in principle) multiplying two n£ n matricesin O(n' ) time, where! < 3. Unfortunately,
there are two impedimerts to this approad.

The “rst problem is that fast matrix multiplication relies on existenceof additiv e inversesand on dis-
tributivit y of multiplication over addition [14]. However, in our situation, addition is mapped to min, and
multiplication is mappedto +, soneither of theseproperties hold. Indeed, in this case,there is a lower bound
on the number of arithmetic operations proving that no improvemert to standard matrix multiplication is
possibleusing these operations, even for rectangular matrices [14]. However, in the special casethat all dis-
tancesare either zero or one, and the goalis to nd an ordering with total distance zero,the multiplication
operation + changesto max. On values0 and 1, min is equivalernt to a boolean and, and max is equivalert
to a booleanor. Thus, additiv e inversesexist and distributivit y holds, so fast matrix multiplication could in
principle be applied.

The secondproblem is that the matrices we multiply areinherently nonsquare.Fast matrix multiplication
has been generalizedto certain rectangular matrices [9]; for example, asymptotic improvemen is possible
when multiplying an n £ n matrix by an n £ n" matrix, wherer is any constart greater than 0. But when
multiplying an n £ n matrix by an n £ ¢ matrix for someconstart ¢, no improvemert is possible;there is
an - (n?) lower bound [18], [9]. In our context, we multiply a k £ k matrix with ak £ (nj k) matrix, and
multiply ak £ (nj k) matrix with an(nj k)£ (nj k) matrix. If k is O(1) or - (n), and such imbalanceis
possible,fast matrix multiplication givesus no improvemert on at least one of the multiplications. If we can
guararntee a consisten constart balancebetweenthe two subtrees,then fast matrix multiplication yields an
asymptotic improvemert in the running time of O(n' ), where! is the best matrix multiplication exponert,
currently approximately 2:376[2]. But again this result relies on distributivit y of the operations asdescribed
above.

Other variations of the problem may leadto more excient dynamic programming algorithms. For example,
if eadh leaf of the tree storesa single represenativ e number instead of an entire vector, is there an algorithm
running in lessthan £ (n®) time? What about the special (but unrealistic) casein which ead represenativ e
number is either 0 or 1?

3 Experiments

We have performed se\eral experimerts to determine whether it is useful to considerdi®erent methods for
reordering leavesin hierarchical clustering tree.



3.1 Metho ds

Data sets. We have used11 publicly available microarray data sets.Data sets[1,16,15,19{21] were obtained
from the Stanford Microarray Database [23]. Additional data sets[5,10,13] were obtained from web sup-
plemerts corresponding to the articles. In most casesthe data was rst Ttered to exclude any genesthat
were missing 20% or more of their valuesor did not have at least one experiment with log ratio at least 2.
Data set [5] was combined with the upper-most level of the function classi cation from MIPS yeastgenome
database[17].

Implementation. We have implemented seeral algorithms for ordering genesin a program TreeArrange. All
exceptthe last algorithm order genesconsistert with a given hierarchical clustering tree.

{ Optimal ordering obtains the best-possibleordering that respectsthe clustering, asdescribedin section2.

{ Eisernis heuristics is the heuristic given in [5]. It starts by assigninga weight to ead leaf equal to the
averageexpressionlevel of that geneover all experiments. The weight of a subtree is the averageof the
weights of its leaves.In ead internal node of the tree the subtree with higher weight is placed on top.

{ Random ordering assignsrandom weights to leavesand then proceedsin the sameway as Eisen's heuris-
tics.

{ Travelingsalesman(TSP) is animplementation of the 2-OPT heuristic for the traveling salesmarproblem
(see[12] for details). To adapt this heuristic to compute the best path rather than the best cycle we have
added an extra geneconnectedwith distance 0 to all other genes.The resulting cycle is then cut at this
extra gene.

The optimal ordering and TSP need a distance measurebetween genes.We used three di®erent distance
measuresLet X = Xp;Xo:::; Xk and X = yi;¥»:::;yx bethe expressionlevels of two genes.

{ Pearson correlation:
1 X Hy Yﬂuyii v

Sx.y = —
XY k i=1 S 2% Yy
where X is the mean of the expressionlevels and
U
X

Yx -t % (xii X)Z

The Pearsoncorrelation has value between-1 and 1, with 1 indicating a linear relationship betweenthe
two vectors. If we want to useit asa distance measure,we take dy.y = 1j Sx.v.

{ Uncentered Pearson correlation: This is essetially the same as the Perason correlation, except that
vectors are not certered to have zeromean,i.e.,

1 Xi Y
Sx.y = — ALY AT
XY k i=1 Nx Ny
where \d
_paxe
n)( - R Xi .

In fact, sx.y is the the dot product of vectors X and Y normalized to length 1. Again we usedy.y =
1i sx.y asour distance measure.
{ Euclidean distance.
1
o v’

The % term is usedto accommalate missing values.



In caseof missing valueswe use only positions that are not missingin both vectors. k is then the number
of such positions. The formulas were adjusted also for the casewhere di®erert experiments have di®eren
weights.

We have also implemented a program ShowTree, preserting the results of experiments graphically in
encapsulatedpostscript. The program is partially basedon sourcecode of the TreeView program [4].

Data processing. First, hierarchical clustering wasapplied to all data setsusing program Cluster [4] (choosing
asoptions average-linkageclustering method with uncertered Pearsoncorrelation). Second,TreeArrangewas
applied to rearrangethe leaves,using all 12 combinations of methods and distance measuresFinally, we used
program ShonTree to presert the results graphically. The complete results of our experimerts are available
in the web supplemert to this article.

3.2 Results

Our goalwasto 'nd an ordering of the genessudc that geneswith similar expressionpro les were grouped
together, and the ordering was consistert with a given hierarchical clustering tree. We also show results from
the TSP heuristic for comparison (note that the TSP ordering does not obey the given tree structure and
that the TSP results preseried here are non-optimal solutions of the TSP problem). We used the sum of
distancesbetweenthe neighbouring genesin the ordering asa quartit y to optimize. Note that our algorithm
can be applied to other similar optimization problems (e.g. maximum instead of sum).

Quantitative analysis. Numerically, in terms of cost for uncertered Pearsoncorrelation, the e®ectof random
ordering and Eisen's heuristic is similar (seeFigure 2). The optimal ordering is signi cantly cheaper than
both Eisen's heuristic and random ordering, on averageby a factor of 25%, and the TSP heuristic ordering
is consistertly the best of all. The results for other distance metrics are similar, the only notable di®erence
being that for Euclidean distance, optimal ordering only achievesa 12% improvemen over Eisen's heuristic.

Uncentered Pearson
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Fig. 2. Cost comparison for 11 data sets using uncentered Pearson

correlation. Orderings on 11 data setshave beencomputed using the optimal
17 a ™| algorithm, Eisen's heuristic, random ordering, and TSP heuristic. The result-
0.75 Orancom| — ing cOSts are preserted relativ e to Eisen's heuristic. Data sets: A: C. elegans
051 s [19]; B: Rice (salt stress) [13]; C: Arabidopsis (small experiment set) [21]; D:
0.25 - Arabidopsis (large experiment set) [21]; E: E. coli (tryptophan metabolism)
[16]; F: E. coli (top oisomerasefunction) [15]; G: H. pylori [20]; H: Human
ABCDEFGHI JK (DLBCL - small experiment set) [1]; I: Human (DLBCL - large experiment
Data set set) [1]; J: Yeast (time series)[5]; K: Human (serum) [10]

1.25

Score relative to Eisen

Qualitative analysis. Pictorially, in terms of red{green{black colour variation, the di®erenceshetween the
approades are more subtle. In the following few paragraphs we shav examplesof such di®erenceson two
data sets. For other data setsthe results are similar and they can be found in the web supplemeri.

Figure 3 shaws the resulting ordering of data set K [10] using the optimal algorithm, Eisen's heuristic,
random ordering, and TSP heuristic. We usedthe Pearsoncorrelation as a distance measure;the results are
similar for other measures.

Although usingthe optimal ordering leadsto substartial improvemerts in overall cost, visually the results
are remarkably similar. In particular, even a random ordering of the tree leavesleadsto a visual presen-
tation comparableto Eisen's heuristic or the optimal algorithm. The TSP heuristic producesa completely
di®erert ordering, sinceit doesnot obey the tree constraints. The results produced by TSP seemto be more
disorganized;however, one should take into accourt that not the best-possiblesolution for the TSP problem
was found, and thus the result is not fully optimized. In fact, locally the TSP heuristic achievesvery good
results.



(@) Optimal (b) Eisen's (¢) Random (d) TSP

Fig. 3. Response of human "broblasts to serum. The human serum data represerts the response of human
“broblasts to serum. Primary cultured "broblasts from human neonatal foreskin were deprived of serum for 48 hours
and then exposedto a medium containing serum [10]. 517 of the most expressive genesin responseto serum were
selected. The "gure shows the gene ordering using four di®erert algorithms. We used the Pearson correlation as a
distance measure. The same hierarchical clustering tree was usedto produce (a)-(c), however the tree is not shown
here. Ordering (d) doesnot satisfy the tree constraints.



To study local di®erenceswe have chosentwo groups of genes.They are highlighted by red and green
bars on the right side of the diagrams. The “rst group (red) can be characterized by high expressionlevels
(red colour) in the rst and last third of the time series.These genesare displayed together in the optimal
solution, whereasEisen's heuristic and all other methods divide them into seweral groups.

The secondgroup (green) is characterized by low expressionlevels (green colour) in the middle and at
the very end of time series,and they are slightly overexpressedn the rst and last third of time series.These
genesare displayed together using Eisen's heuristic, whereasthe optimal algorithm divides them into two
groups.

Figure 4 shows results for data set G [20]. We show only the orderings produced by Eisen's heuristic and
the optimal algorithm (using the Pearsoncorrelation as a distance measure).
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Fig. 4. Di®eren t strains of Helicobacter

pylori. The helicobacter pylori is the bacteria
responsible for a number of gastric disorders,
including ulcers. The DNA microarray tech-
nigue was usedto analyze the genomic compo-
sition of di®erert strains of H. pylori to deter-
mine the variabilit y between strains [20]. The
“gure shows the geneordering using two algo-
rithms with the Pearson correlation as a dis-
tance measure. The same hierarchical cluster-
(@) Optimal (b) Eisen's ing tree was usedto produce both orderings.

In this case,the two pictures look quite di®eren. The result of Eisen's heuristic looks more organized,
roughly starting with underexpressedjenes(green colour) and ending with overexpressedyenes(red colour).
In the optimal solution, underexpressedyenesare located in the middle of the diagram. Due to the common
tree structure, we seelarge blocks of genesthat are ordered similarly in both solutions.

As an example of di®erencesbetweenthe orderings we have chosena group of genes(highlighted by a
red bar) that is characterized by interleaving strip es of high and low expressionlevels. This set is grouped
together in the optimal ordering, but split into two parts using Eisen's heuristic.

Although we have chosento highlight thesetwo data setsin particular, the results from the other nine
data setsare similar.



3.3 Discussion

The quartitativ e data clearly demonstratesthat the optimal ordering is superior to Eisen'sheuristic in terms
of cost. The TSP heuristic ordering is further superior to the optimal ordering, but by a very small amourt.
However, these cost di®erencesare small and not apparert in the resulting picture (i.e. TSP hasthe smallest
cost, but the pictures appear more disordered).

The qualitativ e data is not nearly so clear cut. There are only small visible variations in the resulting
pictures and we cannot always determine which approad is consisterlly superior. However, this conclusion
is signi cant in itself on three fronts.

First, it suggeststhat another distance metric or optimality criterion should be consideredto seeif it
would provide somevariation or superior performance. For example, one could use the maximum distance
instead of the sum of distances. We have tried three traditional distance measures,and the results in all
three caseswere very similar. Howewver, other variations and non-traditional distance measurescould lead to
interesting results. For example, we could considera 0/1 distance measure,where 0 means\similar® genes,
and 1 means\di®erent". In this casewe are trying to minimize number of neighbouring \di®erent" genes.
We could also have a distance measurethat assignshigh similarity to genesthat are similar only on subset
of experimernts, even though the rest of the expressionpro e can be di®erert.

Second,best results would appear to be tied closelyto the clustering tree sinceoncea tree is chosen,the
leaf ordering techniques appear to have little real e®ect.Further support is lent to this conclusion by the
fact that the TSP orderings, although they yield the smallest sum of distances,appear the most disordered,
and theseare the only onesthat doesnot rely on the sameunderlying clustering tree.

Third, it would appear it is not worth expending much e®ort in optimizing the order of the leaves as
this results in a small overall change. Eisen's heuristic (or no ordering at all) is the fastest approac to the
problem. Howewer, our approad is still feasible(our algorithm takesabout 6 minutes on 350Mhz Pertium on
a data setwith more than 2099genesand 34 columns and about 30 secondsfor 1257 genesand 29 columns).

This said, there is still an advantage in looking at the data from di®erert points of view asthis highlights
di®erert dependenciesin the data.

4 Conclusions

In this article we have studied the problem of ordering leavesof the tree represerting hierarchical clustering
of the gene expressionpro les. We have preseried an e+cient O(n®) algorithm solving the problem. Our
algorithm is suitable for di®eren distance measuresand various optimization criteria. Note that this approact
could be applied to other tree-ordering problemsunrelated to geneexpressionarrays. For example,one could
useit to re-order the subtreesof a phylogery tree under somesimilarity criterion.

In the secondpart of the article we have presenied results of a small experimental study. The results from
all of our experiments point to one conclusion: di®erert orderings may create slightly di®eren results, but
no one ordering seemsto be superior. Quantitativ ely, sharp di®erencescan be seen,with TSP and optimal
ordering outperforming Eisen's heuristic and random ordering over seweral distance metrics. However, these
advantages, particularly in the caseof TSP, may have to be examinedin light of qualitativ e results.

Qualitativ ely, di®erencesare subtle, and while we can identify individual variations on individual data
sets, it is ditcult to make general determinations, other than to remark that the TSP approadc appears
generally more disordered. This could be due to the fact that we have not optimized the TSP implementation.

Clearly, then, the underlying hierarchical clustering tree, and not the reordering or the distance metric,
is having the largest e®ecton the pictures (recall that all but the TSP heuristic used the sametree), and
the reordering is of little signi cance.

On the other hand, our examplesshow that di®erernt methods of ordering leavesin the tree can uncover
di®eren local dependenciesbetweenthe genepro les. Therefore we suggestthat it may be useful to use
seweral di®erent approadcesto reordering of the leavesin the tree while studying geneexpressiondata.

Future Work. There are a number of avenuesthat can be investigated for future work:

1. Our algorithm is quite general. Howewer, for somespecial casesof distance measuresjt may be possible
to nd more excient algorithms (seeSection 2.5).

10
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. We have only implemented three di®erern distance metrics. It is also possiblethat an additional metric
or optimization criterion would produce better results. For some optimization criteria (e.g. maximum
instead of sum) our algorithm can be usedwithout changes.Other criteria (e.qg. if the distance measure
depends not only on adjacert genes,but on more distant neighbours in the list as well) can lead to
interesting algorithmic questions.

. Our implementation of the TSP approac usesvery simple 2-OPT heuristic to optimize the cost function.
There are seweral other known heuristics that can perform better. For special metrics satisfying the
triangle inequality approximation algorithms could also be used. Whether or not such improvemerts
would surpassthe results of the other orderingsis an important question.
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