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Abstract

Microchip arrays have become one of the most rapidly growing tech-
niques for monitoring gene expression at the genomic level and thereby
gaining valuable insight about various important biological mechanisms.
Examples of such mechanisms are: identifying disease causing genes, genes
involved in the regulation of some aspect of the cell cycle etc.

In this article, we discuss the problem of estimating gene expression
based on a proper statistical model. More precisely, we show how the
model introduced by Li and Wong can be used in its full bivariate general-
ity to provide a new measure of gene expression from high density oligonu-
cleotide arrays. We also present a second gene expression index based on
a new way of reducing the model into a simpler univariate model. In both
cases, the gene expression indices are shown to be unbiased and to have
lower variance than the established ones.

Moreover, we present a bootstrap method aiming at providing non-
parametric confidence intervals for the expression index and discuss some
additional issues concerning the statistical properties of the different esti-
mates.

Keywords: Gene expression - Microchip array - Model based expres-
sion index - Bootstrapping.

1 Introduction

In recent years, it has become possible to make simultaneous measurements of
the expression levels of tens of thousands of genes using so the called microarray
technology. Through various microarray experiments, scientists try to answer
various basic biological questions ranging from understanding the cell cycle
mechanisms of a given organism to the identification of individual genes involved
in some biochemical pathway related to some biological function or some disease
of interest.



In this article, we discuss statistical modelling of data from high density
oligonucleotide arrays of the type manufactured by Affymetrix. The point of
view we adopt is that statistical methods can and should be used in order to
achieve a better understanding of the experimental data. Although statistical
methods can be useful at all the stages of a typical micro array experiment:
experimental design, image analysis and artefact detection, normalization, cal-
culation of gene expression, making comparisons between arrays, dimension
reduction, clustering etc, we will only discuss the fundamental problem of the
estimation of the expression index.

The article is organised as follows. In section 2, we describe how the data
arise in some detail. The bivariate Li-Wong model is presented in section 3.
This model is used in section 4 to provide maximum likelihood estimates of
various parameters. A new way of reducing the model into a univariate one
and the resulting estimates are discussed in 5. Comparisons between these two
estimates as well as others are discussed in the discussion section.

The main conclusion of the article is that the new estimates seem to be
better than the old established ones.

2 The Nature of the Data

First we take a look at some of the features of oligonucleotide based micro
arrays. A single array (1.28 cm x 1.28 cm) can contain probe sets for tens of
thousands of genes and ESTs. Every probe set consists of 10-20 probe pairs.
Every probe pair contains a perfect match (PM) probe and a mismatch probe
(MM). The perfect match probe is a small DNA subsequence (25 bases long)
which is assumed to be specific for a particular gene, the expression of which we
want to measure. The mismatch probe is identical to the perfect match probe
except for the base in the middle (13th) position.

The oligonucleotides in the probes are typically chosen from the so called 3
prime end of the gene, but have been until recently unknown to the user. The
expression level of the gene has to be inferred from the amount of hybridization
of the PM and MM probes. The latter are measured using a scanner which
is sensible to the fluorescence intensities of the probes. Up to now expression
indexes have been based on PM-MM differences at the probe level. Contrary to
what one expects such differences are often negative. A trial study reveals that
although very few probe sets will only have negative differences, a vast majority
will have some. In fact median number of negative probes per probe set is
around 8 (of a total of 20). In many cases the overall average of these differences
for a probe set will be negative. Since this means that the corresponding gene
has negative expression, it is obvious that such an average difference cannot
be used. Various conditions are often imposed to prevent this from happening.
These include using PM values only (cf. Naef et al, 2001), excluding probe pairs
with negative differences, using PM-cMM with some suitably chosen constant
c (cf. Efron et al, 2001), treating negative differences as missing data and using
imputation etc. All these methods suffer from drawbacks such as being ad hoc,
being inconsistent in that not all probe pairs are used in the same way etc. This



obscures the analysis.

At the most basic level, the data is in the form of pixel intensities (36
pixels/cell for the Mullk mouse chip) for the individual probe cells. It goes
without saying that one can (and should) try to model the data already at
this level using ideas from statistical image analysis. In these notes, however,
we will only consider models on the next level, namely that of PM and MM
intensities. Another issue that we will not discuss here is that of background
calculation and subtraction.

3 The Model

The basic idea behind the Li-Wong model (cf. Li & Wong, 2001a and 2001b)
is that the PM intensities are expected to be higher than the MM intensities.
On can thus assume the following model

Py = vij + Oicj + 015 + € (1)
M;; = v;; + Oiaj + GZAJ/-I (2)

where I is the number of arrays and J is the number probe pairs (usually 20), v
stands for the base line intensity of a probe pair due to non specific hybridiza-
tion, « is the rate of increase in MM intensity of a probe pair and ¢ is the
additional rate of increase in the corresponding PM response. The error terms
are assumed to have zero mean and some common variance. The most impor-
tant parameter of this model is the expression index 6 . All these quantities
are assumed to be non-negative. Moreover in order to avoid unidentifiability
we impose some additional condition like )7, ¢7 = J.

Although this model was introduced in (Li & Wong, 2001a), the authors
have only treated the reduced case

Yij = Pij — Myj = 0 + €l — €}y (3)

(Lemon et al, 2001) use (1) and (2) explicitly but assume that the PM and MM
values are independent so their model describes the marginal distributions.
We propose to augment the model so as to take into account the, empirically
observed, correlation between PM and MM and which is usually rather high.
The average correlation coefficient for 30 probe sets was 0.77 with a standard
deviation of 0.14. The maximum value was 0.94 and the minimum 0.36 (cf.
Figure 1).

The rationale for this is that the probe pairs corresponding to the same gene
are scattered all over the array while the two components of the same probe are
always adjacent to each other. More precisely, we assume that the error terms
in (1) and (2) follow a bivariate normal distribution according to

(G-~ (7 2 )

where c is the covariance term and p is the corresponding correlation coefficient.



How do we know that such a model fits the data? It is possible to examine
the adequacy of the model by using the residuals to measure the lack of fit.
More on this at the end of the next section.

4 The Estimates

Given data (P;;, M;;) we can estimate the parameters using the maximum like-
lihood method. The likelihood function has the form
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where K is a constant that depends on ¢ and p but not the other parameters
and ¥ is the covariance matrix. The corresponding log likelihood function is

= {log(K) - m«(ﬂj — (vij + 050 +0;97)) + (My; — (vij + 6;5))?
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Taking the partial derivatives with respect to the parameters and setting the
resulting expression equal to zero leads to maximum likelihood estimates of the
parameters.

b = > 0i(Pij — pMi; — (1 — p)(vij + i)
Z >0
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These formulas have to be understood as steps in an iterative procedure that
will lead to the final estimates. Nonetheless they are quite useful when it comes
to deriving various properties. It is thus easy to see that the estimate, éZ of the
expression index is unbiased i.e. that E[f;] = 6;. The usual expression index
(the average difference or ¥; = 3 ° ;(Pij — M;j) advocated by Affymetrix) lacks
this property as is seen by the following argument.

In terms of the Li and Wong model we have:

E[V;] = 6;( qu]

S
|

(5)




But using a version of Steiner’s theorem we get

1 1
(j;qﬁ) - (j;%’)z > 0.

Fro_m the above and ) j ¢§ = J we see that %Z ;®j < 1 which implies that
ElY;] =<6;.

To obtain non-parametric confidence intervals for the expression level, we
propose the following bootstrap method. First estimate the parameters using
the above maximum likelihood estimates. Next estimate the means

Mij = ﬁij + Hi&j
Pij = ﬁij + gi&j + Qiqﬁj
2P
It is now possible to estimate the residuals €;; = (:}\;,) These can be used to

generate new observations by adding (bivariate) bool‘éstrap errors to the expec-
tations in (5). For every new set of observations the expression level can be
estimated so we end up with a large number of possible expression values which
can then be used to calculate a confidence interval.

Notice also that the common PM/MM variance can be (ML) estimated by

52 Zij(Pij — Py)* + Zz’j(Mij — My;)? - 2p Zz’j(pij — Pyj)(M;; — Myj)
B 21J(1 — p2?)

and that variants of this can be used for outlier detection. I.e. we can classify
a probe pair as an outlier if its residual is much higher than expected. Lack of
fit can be measured using the residuals and standard methods of model fitting.
In essence standardized versions of the residuals should behave as independent
drawings from a bivariate normal distribution.

5 Reduced Models

As mentioned earlier, the Li-Wong model has been used by its reduced form
(3). This has the advantage of being a much simpler model than the full one.
This reduced model has been implemented in dChip (one of the most popular
tools for analyzing this type of data). Other ways to get reduced models have
also been investigated: using PM only values or the average difference. It is
possible to formulate a reduced version of the Li-Wong model along the lines
proposed in (Efron et al, 2001), i.e. by taking PM-cMM for some suitable value
of c.

In what follows we present a new way of reducing the full model. The
rationale of this method is that the MM values can, in a sense, be considered
as containing help information only. One way to use this help information
is to condition on it i.e. to consider the conditional distribution of the PM
values given the MM values. Under the assumption that the bivariate values



are normal, the conditional distribution of P;;|M;; is also univariate normal
according to (cf. Johnson & Wichern, 1998)

N(vij + aj0i + ¢;0; + p(Mij — vij — ;6;),0°(1 = p?)).

Again, maximum likelihood estimates of the parameters can be based on
this model. The resulting estimate of the expression level is:

o — 2\ = pMij —vii(1 = p))(e5(1 = p) + ¢5)
Z >25(0 (1= p) + ¢5)?

It is rather easy to verify that this estimate is unbiased.

6 Discussion

We have thus seen that using the Li-Wong model as a basis, one has the choice
of using either the full bivariate model or some reduced univariate version. To
make a rationale decision as to the choice of a model, one can use both theoret-
ical and empirical criteria as is done in (Lemon et al, 2001). One such criterion
is unbiasedness. But perhaps the most natural of these criteria is the variance
i.e. preferring an estimate with a low variance over one with a large variance.
Simple calculations show that according to this criterion the best model is the
full bivariate model followed by the conditional and the reduced models in that
order (cf. the Appendix). The comparison with the average difference is, how-
ever, not straightforward since that estimate has to be transformed to become
unbiased. The transformed average difference has the largest variance of all
reduced models.

A quite different way of comparing models is to use special experiments
where known amounts of mRNA are used. Such data will become more available
in the future.

It is interesting that the gene expression estimate based on the conditional
model is of the type proposed by (Efron et al, 2001) i.e. of the form P;; — cM;;.
In this estimate the constant c¢ is simply taken as p, the correlation coefficient.
The conditional estimate has one additional nice feature, namely that it is a
weighteted average of P;; — pM;; differences. Probe pairs with higher sensivity
(mesured by (a;(1—p)+¢;)) are given a higher weight. The special cases p =0
and p = 1 give the PM-only case and the reduced Li-Wong model respectively.
To gain insight as to why the p is a good choice of constant in the approach
by (Efron et al, 2001), one can argue as follows. The variance of each term
P;j — cM;; is simply 0%(1 + ¢®> — 2pc) and is minimised when ¢ = p.

To conclude, we have argued that, in the sense of unbiased estimates having
low variance, the best estimate is simply the one based on the full bivariate
model. Should one choose to use a univariate reduced model, then the estimate
based on the conditional distribution is the next best choice. The latter has
many desirable properties and for probe sets having high correlation coefficients
it is quite similar to the estimate based on the Li-Wong reduced model.
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8 Appendix

In this appendix we give the variances of the different estimators mentioned in
the article

1.

2.

3.

The estimate based on the full model
; a*(1-p?)
Varl6;] = (6)
YR+ 2(1 - p) X5 aj(ay + ¢y)

The estimate based on the conditional model

i1 _ a*(1 - p?)
Var(b;] = S (6 + ag(1—p)? (7)

The estimate based on the reduced Li-Wong model
20%(1 - p)

VG/’I"[éZ'] = W
R

4. The transformed average difference

20*(1 - p)
J¢

It is now not so difficult to show that (6) < (7) < (8) < (9).
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Figure 1



