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Abstract

Principal component analysis (PCA) is a popular data analysis method. One of the motivations for using PCA in practice is
to reduce the dimension of the original data by projecting the raw data onto a few dominant eigenvectors with large variance
(energy). Due to the ubiquity of/¥* noise in science and engineering, in this Letter we study the prototypical stochastic
model for I/ f* processes—the fractional Brownian motion (fBm) processes using PCA, and find that the eigenvalues from
PCA of fBm processes follow a power-law, with the exponent being the key parameter defining the fBm processes. We also
study random-walk-type processes constructed from DNA sequences, and find that the eigenvalue spectrum from PCA of those
random-walk processes also follow power-law relations, with the exponent characterizing the correlation structures of the DNA
sequence. In fact, it is observed that PCA can automatically remove linear trends induced by patchiness in the DNA sequence,
hence, PCA has a similar capability to the detrended fluctuation analysis. Implications of the power-law distributed eigenvalue
spectrum are discussed.

0 2003 Elsevier B.V. All rights reserved.

1. Introduction numbers [15], and multistable visual perception [16],
among many others. In this Letter, we studyf1

y Processes by principal component analysis (PCA).
PCA is closely related to singular value decompo-

sition (SVD). In the continuous case, PCA is called

Karhunen—Loéve expansion. The latter is often called

Of the types of activity that characterize comple
systems, the most ubiquitous and puzzling is perhaps
the appearance of/f* noise, a form of temporal
or spatial fluctuation characterized by a power-law . .
decaying power spectral density. Some of the older proper orthogonal _d_ecomposmon (POD.) in_ turbu-
literatures on this subject can be found, for example, !ence [17] and empirical orthogongl functions (EOFS)
in Press [1], Bak [2], and Wornell [3]. Some of in meteorology [18]. Because of its conceptual sim-

the more recently discovered/A” processes are plicity and widely available codes based on well-
in traffic engineering [4-6], DNA sequence [7-9] studied numerical schemes, PCA is one of the most
human cognition [10], coordination [11], posture [12], popular tools for data analysis. For example, PCA has

dynamic images [13,14], the distribution of prime been us_ed to a_naIyZ(_a DN.A microarray data [19,20]
and brain functional imaging data [21]. One of the

motivations for using PCA is the expectation that the
* Corresponding author. raw data may be projected onto a few dominant eigen-
E-mail address; gao@ece.ufl.edu (J.B. Gao). vectors with large variance (or energy), thus the di-
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mension of the raw data can be dramatically reduced.

A fundamental question for us to ask is how often may
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T denotes transpose of a matrix. The computation can
be carried out by first formingd A” or AT A, then do

an experimental dataset belong to this category? This eigenanalysis by finding all the positive eigenvalues

guestion prompts us to consider PCA of the ubiquitous
1/f% noise to shed new light on when and how PCA
may be used in practice.

The Letter is organized as follows. In Section 2 we
briefly describe PCA, SVD, and Karhunen-Loéve ex-
pansion, so that the Letter is self-contained. In Sec-
tion 3 we analyze fractional Brownian motion (fBm)
processes by PCA. We shall show that the distribu-
tion of the eigenvalues from PCA of fBm processes
obeys a power-law, with the exponent being the key

parameter defining the fBm processes. In Section 4 we X(t) =

study a random-walk-type process constructed from
a DNA sequence, and show that the distribution of
the eigenvalues from PCA of the constructed random-
walk-type process is again a power-law, with the ex-
ponent correctly characterizing the correlation struc-
ture of the DNA sequence. Conclusions and discus-
sions can be found in Section 5.

2. Brief overview of principal component analysis,
singular value decomposition, and
Karhunen—L oéve expansion

First, we consider principal component analysis
(PCA). PCA is the eigenanalysis of the autocorrela-
tion (or auto-covariance) matrii:

Ri1 Ra2 R,

R>1 R22 Roy
R = . . .

Rnl Rn2 Rnn

Letx; andg; be theith eigenvalue and corresponding
eigenvector, then we have

R =Xi¢p;, i=1,2,...,n.
Since the matrix® is symmetric and positive-definite,

and eigenvectors. The elements Bf are all zero
exceptX;; =o;, fori =1,2,...,r, wherer is the
number of positive eigenvalues from eithér” or
AT A, ando? is theith eigenvalue o AT (or AT A).
The relation between PCA and SVD is clear if one
forms the matrixA by taking delayed coordinates as
its row vectors.

Finally, we consider the Karhunen—Loéve expan-
sion. Here, a signal(¢) is expanded as

o
chl//n(t), O<tr<T,
n=1

wherey (t) is a set of orthonormal functions in the
interval (O, T'):

T

f‘ﬂn([)w;(t) dt =6[n —m]
0

and the coefficients, are random variables given by

T

ch=/xmwﬂom,
0
wherex denotes complex conjugate. The basis func-

tions ¢ (¢) are the solutions to the following integral
equation:

T

/ R(1. )V () dia = (1), O<ty <T,
0

where R(r1, 12) is the autocorrelation function of the
processx(z). Note that the Karhunen—-Loéve expan-
sion does not require the procegs) to be stationary.
With these background information, we now go to
Section 3 to study PCA of the fractional Brownian

the eigenvalues are all positive, and the eigenvectorsmotion (fBm) processes.

corresponding to different eigenvalues are orthogonal.

Next, we consider singular value decomposition
(SVD). SVD of a matrixA, «, is the following:

A=UxvT,

whereU,, x, andV,,,, are orthogonal matrices;, «
is a specific matrix which will be specified shortly, and

3. Principal component analysis of the fractional
Brownian motion processes

A convenient framework for studying/ 1 proces-
ses is the self-affine stochastic proceskes {X (¢),
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t > 0} defined by (a) H=0.25
X)) = 1X@1), >0 (1)

for A >0, 0< H < 1, where=; denotes equality in

distribution. The process is usually assumed to start at

the origin.H is called the self-similarity parameter, or

the Hurst parameter. The following properties can be (b) H=0.50
easily derived from the above definition:

E[X(A1)]

E[X(1)]= v mean 2
Var[ X (,
Var[X (1)] = % variance (3)
R (t,s) = % autocorrelation (4) (c) H=0.75
By arguing that.~# X (Ar) and X (r) should have the
same power spectral density [22], one can obtain:
S(H~f (5)
with
(d) H=0.90

This explains why self-affine stochastic processes can
be used to study/¥* noise.

The prototypical model for self-affine stochastic
processes is the fractional Brownian motion (fBm)

process. FBm is a Gaussian process with mean 0,

. . . Fig. 1. Several fBm processes with differeft
stationary increments, variance

E[(BH(t))Z] — f2H (7) Since the power-spectral density (PSD) of a fBm

. process decays as
and covariance:

where H is the Hurst parameter. WheH = 1/2, we propose the following conjecture:
fBm reduces to the standard Brownian motion (Bm)
process. Bmis also called a Wiener process. When 0
H < 1/2, fBm is said to have negatively correlated
increments, a property of anti-persistence [23]: a jump
up is more likely to be followed by a jump down.
When /2 < H < 1, fBm is said to have persistent
correlation [23]: a jump up is more likely to be
followed by another jump up. Fig. 1 shows several
fBm processes with differerf . We observe that when

H becomes larger, the process becomes less irregulal
and more trendy. That is what anti-persistence and 2 2n + r
persistence means. V() = \/;Slnwnt, "=

Conjecture. When n islarge, the eigenval ue spectrum
from PCA of a fBm process with parameter H decays
asa power-law: i, ~n~@H+D,

For a Bm process, the above conjecture can be
analytically proven to be true. Denote a Bm defined
in the interval[0, T] by w(z). Its Karhunen—Loéve
decomposition can be readily solved, giving [24]
reigenfunctions
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1010

and N4 T T
F o fBm with a=2.5
7 X . 108_ » fBm with a=1.5
w(?) =,/F ch SiNwyt, E R
n=1 q:_’) 6 A
T E 10 [~
/2 : 2 »
cn=4/= [ w()sinw,tdt,
n T / ) n ,gﬂ 104 L
0 €3]
where the coefficients, are uncorrelated with vari- 10°
ance being the eigenvalueE{c,zl] = A,. When the L
eigenvalues are sorted in a decreasing order, as is usu- 1091, s l
ally done, then the eigenvalue spectrum decays as a 1 10 100 1000
power-law: Index
1 o Fig. 2. Eigenvalue spectrum for the fBm processes \#th= 0.25
M~ 5~ (n+1/2)72 9) and 0.75.
wn
Whenn is large, we can simply write longer simple sine functions. This may indicate that
N g2 g @HED g 1/2 (10) analytically proving the above conjecture may be dif-
n - 5 — .

ficult. It is also of interest to note that the eigenvectors

We have numerically carried out PCA of fBm for the fBm process witli{ = 0.25 are less “smooth”
processes with many differeft, and found the above  than those of the fBm process wit = 0.75. This
conjecture to be always true. The fBm processes we is consistent with Fig. 1 as well as the notion of anti-
analyzed are generated using fast Fourier transform persistent and persistent correlations.
filtering. That is, we start from a “white noise” se- What are the relations between PCA and the wave-
guence, whose spectral densityy (f), is a con- let decomposition of Af“ processes? For simplicity,
stant, and filter the sequence with a transfer func- we consider dyadic orthonormal wavelet decomposi-
tion T'(f) o« f~H+1/2 The output sequence then has tion of fBm. Following the notations of [3], we write
the desired spectral densit(, ) o< |T (f)|2Sw (f) o =
f~@H+D and random phases. We then compute _ m m

. ; . x0y= Y Y o,

the auto-covariance matrix from the synthesized fBm
processes with differentf. The dimensions of the
auto-covariance matrices range from 2656 to ~ Wherem represents the time scale= 27", and the
1024 x 1024. Eigenanalysis of those auto-covariance fandom variablesc;" are wavelet coefficients. The
matrices always reveal a power-law decaying eigen- wavelet coefficients across different time scales are
value spectrum. Two examples for the auto-covariance ©nly weakly correlated, hence, somewhat similar to

matrices of size 1024 1024 are shown in F|g 2 for the eigenvalues of PCA. A more remarkable Slmlla”ty
H = 0.25 and H = 0.75. Clearly, we observe that between PCA and wavelet decomposition of fBm is

when plotted in a log-log scale, the variation of the that the variance of) also decays with the time scale
eigenvalue spectrum with the index is a straight line, @S @ power-law, just as the decay of the eigenvalue
with the slope of the line being = 2H + 1. spectrum of PCA with the index:

Since the eigenfunctions from the Karhunen—Loéve
expansion of the standard Bm processes are simple
sine functions, to examine how similar the eigenvec- However, if one wishes to index vaf' by the scale
tors from the eigenanalysis of the auto-covariance ma- indexm so that vax)" appear in a decreasing order,
trices of fBm processes to the sine functions, we have then vat]' decreases witi exponentially fast. This
plotted in Figs. 3 and 4 the first 10 leading eigenvec- contrasts with the power-law decay of the eigenvalue
tors for the fBm process withl = 0.25 and 0.75. We  spectrum of PCA with the index. This can be consid-
observe that wheill # 1/2, the eigenvectors are no ered a difference between PCA and the wavelet de-

m=—0o0on=—00

varx™ = 227" = g%, =27,
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Fig. 3. The first 10 leading eigenvectors for the fBm process Wit 0.25.

composition of fBm. This difference may be due to 4. Principal component analysis of DNA

the fact that wavelets are typically a lot more localized sequences

in time (and space) than the eigenfunctions shown in

Figs. 3 and 4. At this point, it is of interest to note that A DNA sequence is made up of four nucleotides,
the difference between PCA and wavelet decomposi- adenine (A), guanine (G), thymine (T), and cyto-

tion has been considered by Field when applying them sine (C). A and G are purines, while T and C are
to describe the receptive fields of cells in the visual pyrimidines. In recent years, the study of the cor-
pathway (see [25] and references therein). One of the relation structures of a long DNA sequence has at-
reasons that Field favors wavelets more than PCA is tracted much attention. For a recent review focusing
that PCA does not produce localized eigenfunctionsto on scaling features of DNA, see Stanley et al. [26].
represent the receptive fields. It was discovered by Karlin et al. [27] that patchi-
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Fig. 4. The first 10 leading eigenvectors for the fBm process Wit& 0.75.

ness, for example, a long patch of A or G in the bac- Specifically, we have followed Peng et al. [28] by
teria lambda phage, may cause a DNA sequence tofirst mapping pyrimidines C and T to(i) = +1, and
have long-range-correlations. To find genuine long- purines A and G ta:(i) = —1, then constructing a
range-correlations not induced by linear trends includ- random-walk-type process

ing patchiness, Peng et al. [28] developed a method

called detrended fluctuation analysis (DFA). Using 5

DFA, the correlations in the lambda phage has indeed > " = Z”(l)'

been eliminated. In this section, we analyze random- i=1

walk-type processes constructed from DNA sequencesFig. 5(a) shows the random-walk procegé;) vs. n,
using PCA. We shall use the lambda phage to illustrate for the bacteria lambda phage. Its eigenvalue spec-
typical results. trum is shown in Fig. 5(b), where we clearly observe a
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5. Conclusions and discussion

In this Letter, we have performed PCA of A*
noise modeled by fBm processes, and found the
eigenvalues from PCA of fBm processes to follow a
power-law, with the exponent being the key parame-
ter defining the fBm processes. We have also studied
random-walk-type processes constructed from DNA
sequences, and found the eigenvalue spectrum from
PCA of those random-walk processes to also follow
power-law relations, with the exponent characterizing
the correlation structures of the DNA sequence. In a
matter of fact, we have found that PCA can automat-
ically eliminate long-range-correlations due to patchi-
ness in a DNA sequence, thus works similarly to DFA.

A nice example relevant to this study may be
human vision. Various researchers have used various
forms of factor analysis on human contrast sensitivity
data to recover the spatial filtering characteristics
of the individual mechanisms that underlie human
contrast sensitivity. Typically, these analysis yield a
number of bandpass filters with the lowest spatial
frequency operator having a large eigenvalue and
the progressively higher spatial frequency channels
having smaller eigenvalues. It will be of interest to find
out if the decay of eigenvalues follows a power-law, as
in PCA, or an exponential distribution, as in wavelet
decompositions, of if processes.

Our finding has an immediate important implica-
tion that PCA can be conveniently used to study ran-
dom fractal processes by finding the key parame-
ter characterizing the process under study. Of course,
eigenanalysis of a matrix may be computationally ex-
pensive, if the matrix is very big. When this is the case,

sequence of the bacteria lambda phage (a) and its eigenvalue gther methods of analyzinglﬁ"‘ processes, including

spectrum (b).

straight line in a log-log plot, indicating that the eigen-

value spectrum follows a power-law distribution. The

slope of the straight line in Fig. 5(b) is 2.034, thus

H = 0.517, very similar to the value estimated using

DFA [28], which is 0.51. Hence, PCA has automati-

cally removed the long-range-correlations induced by
patchiness. Becaugéis very close to 0.5, itis consid-

fluctuation analysis and detrended fluctuation analy-
sis [26], may be preferred.

Our motivation for this study is to critically exam-
ine whether PCA can be used for reducing the dimen-
sion of an experimental dataset by projecting the raw
data onto a few dominant eigenvectors with large vari-
ance (eigenvalues). The ubiquity of fI* processes
imply that the eigenvalue distribution obtained using
PCA is often a power-law. When this is true, then the

ered [28] that the lambda phage DNA sequence doesdataset under study forms a random fractal. While the

not have the long-range-correlations. We have ana-

summation of the first few eigenvalues may contain

lyzed many other DNA sequences and observed that most of the energy, projection of the raw dataset onto

PCA functions similarly to DFA.

those few eigenvectors may however destroy the frac-
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tal features and correlation structures of the original
dataset. This is evident if we consider the standard
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anonymous referee for many invaluable suggestions,
including a number of interesting references which we

Bm. If we retain 90% of the energy, then about 10 were not aware of.

eigenvalues and eigenfunctions will be chosen for pro-
jection. Superposition of 10 simple sine functions cer-
tainly will not constitute a true Bm process. Hence, be-
fore performing projection, we strongly recommend to
examine whether the eigenvalues follow a power-law.

In practice, one may expect that power-law dis-
tributed eigenvalue spectrum is truncated. That is, the
power-law only holds up to th&/th eigenvalue. If this
is the case, then a natural way of reducing the dimen-
sion of the raw data would be to keep the fikseigen-
vectors and project the original data onto those eigen-
vectors.

Since PCA is only one of the popular methods
for dimension reduction, our discussion should carry
over to other methods for dimension reduction. These
methods include clustering analysis and factor analy-
sis. The latter, for example, has been widely used in the
behavioral sciences. There, one of the most important

guestions that have to be addressed is how many fac-
tors to retain. In some analyses, it has been suggested

that the number of factors retained should be a func-
tion of the grain of the data [29—31]. Those analyses
were done by investigators not aware of fractals and
1/f noise, and thus, may need to be revisited. We em-
phasize that in this kind of studies, one should check
whether factors may follow a power-law or an expo-
nential distribution, as in the PCA and wavelet decom-
position of I/ f noise, where the eigenvalues of PCA
decay in a power-law manner while the wavelet coeffi-
cients decay with the scale indexexponentially fast.
The exponential decay of factors is particularly inter-
esting, since when the factors are plotted in linear scale
and in a decreasing order, the first few factors will de-
crease sharply, while smaller factors may appear to re-
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