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Abstract

The thermodynamic functions, the distribution of stochastic forces and energy, and the spectra of nonlinear excitations
of 1D Toda systems embedded into a heat bath are studied. In a transition region of temperature, where the specific heat at
constant length is about34kBT , the systems show very specific properties that can be attributed to the interaction between
solitary waves. A first one is the energy localisation at special sites in non-uniform Toda systems corresponding to multiple
elastic collisions. Furthermore, we show that a finite-size Toda ring with weak thermal coupling develops in this temperature
range a broadband coloured noise spectrum with an 1/f tail at low frequencies. © 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction

Solitary waves as excitations of nonlinear chains of molecules generated considerable interest in the last 20 years
[1–11]. Of special interest for the study of Toda systems is the existence of exact solutions for the dynamics and
statistical thermodynamics. On this basis, it was shown in [4–9] that phonon excitations determine the spectrum at
low temperatures, and strongly localised soliton excitations are the most relevant at high temperatures. In this paper
we study dissipative Toda lattices including noise and friction within the intermediate temperature region where
both types of excitations are present and are adequately described in terms of mutually interacting cnoidal waves.
We will show here that there exists a temperature region around a transition temperatureTtr between the phonon
and the ideal soliton regime, where the interaction of nonlinear excitations has a remarkable influence on several
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physical phenomena, the first one being energy localisation at special sites, and another one, the excitation of a
broadband coloured noise spectrum with a 1/f region at low frequencies. This way, we aim to contribute towards
a new theory of energy activation processes as, e.g., chemical reactions in solutions or in biomolecules. Here, we
will restrict ourselves to the investigation of classical Toda models of molecular systems.

In our earlier work we have shown that soft Toda springs are able to trap and superpose pulse-like excitations
(solitons) impinging from the hard host lattice [11–15,31]. In thermal equilibrium, there exists a finite temperature
Tloc where the fusion of solitons leads to a maximal localisation of potential energy at soft springs [12,13,31]. A
system consisting of few soft Toda springs which are embedded into a bath of hard Toda springs might be considered
as a very rough model of a dilute solution, which consists of solute molecules (possibly with active reaction sites)
embedded into a bath of relatively passive molecules. In subsequent work, it was shown by MD simulations for 1D,
2D, and 3D systems of up to 200 molecules with Morse-interactions [14,15] and with finite-range Lennard-Jones
potentials [16,17] as well as for the full Lennard-Jones interaction [18], that the basic effects of energy localisation
persist for typical molecular forces and in higher dimensions. Energy localisation effects were studied in the spectrum
of correlations [17], and the tails of the one-particle distribution function at high energies were investigated [18]. As
an important result, in 1D systems, energy localisation is possible only at soft sites (springs or molecules), whereas
in higher dimensions at the same temperatureTloc a weak localisation of potential energy takes place on hard sites
also [16,17]. In this region a transition was observed from a hexagonal lattice structure for lower temperatures to a
fluid-like structure of higher symmetry at temperatures right from the optimum.

In this paper, we return to the study of Toda systems in thermal equilibrium including noise and friction effects.
First we will briefly revisit the most important of the older results. Then the properties of the equilibrium distribution
function of the stochastic forces are investigated, in particular regarding the transition region. Energy localisation
at soft sites will be shown to be a special consequence of the properties of the host system in the transition region.
By numerical integration of Langevin equations we will study the time correlations of the equilibrium fluctuations
of the stochastic forces. The influence of system size and varying degree of thermal coupling will be discussed.

2. Distribution functions and thermodynamic potentials of the Toda lattice

Our 1D standard model of molecular systems consists ofN point massesmi connected to the next neighbours
at both sides by Toda springs. The actual distance between the massi and the massi + 1 is Ri , the equilibrium
distance is assumed to beσi , therefore the spring elongation readsri = Ri − σi . The spring energy is described by
Toda potentials

V (ri; ωi, bi) = mω2
i

b2
i

(exp(−biri) − 1 + biri), (1)

wherebi is the stiffness of the springi andωi the linear oscillation frequency around the equilibrium position. We
assume then the following equations of motion:

ṙi = pi+1

mi+1
− pi

mi

,

ṗi =
[

mi−1ω
2
i−1

bi−1
exp(−bi−1ri−1) − miω

2
i

bi

exp(−biri)

]
+ γ

1/2
i [(2kBTmi )

1/2ζi(t) − γ
1/2
i pi ]. (2)

The second term on the r.h.s. describes noise and damping generated by a surrounding heat bath with

〈ζi(t)〉 = 0, 〈ζi(t)ζj (t
′)〉 = δij δ(t − t ′). (3)
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The validity of an Einstein relation between noise strength and damping strength is assumed which guarantees the
existence of a thermal equilibrium, independent of the friction parameterγi ≥ 0. We note thatγi = 0 corresponds
to the conservative case.

Toda springs are exponentially hard with respect to compression and rather weak with respect to expansion.
Because molecules have similar properties, we can consider the massmi together with the springri fixed to the
right side as a crude 1D model of a molecule. For simplicity let us assume in the following that all the masses
mi = m, all friction constantsγi = γ , and all equilibrium distancesσi = σ are equal. Further we assume that in
the rest state atT = 0 the average distance of the particles isRi = σ , i.e.,ri = 0. The linear term in (1) describes
the dilatation interaction and implies the artificial assumption of an infinite range potential. However, interaction is
confined to the next neighbours and consequently

εi = mω2
i σ

bi

(4)

can be considered as the equivalent for the depth of the potential well in the Toda system. This quantity will be
used as an energy unit in the following. We will differentiate between uniform Toda chains where all the spring
parametersbi = b0 andωi = ω0 are equal, and non-uniform chains where different spring parameters will occur.
In this chapter we restrict our study to uniform systems and omit for simplicity all the indices.

Let us begin with the discussion of the statistical properties of a canonical ensemble of “Toda molecules” with
pressureP and temperatureT following the lines developed in [1,10,12]. With the abbreviations

X = ε

σbkBT
, Y = P

bkBT
,

the distribution function of a single molecule reads

f (p, r) = Z−1
1 exp

(
−p2/2m + Veff

kBT

)
,

Z−1
1 = bXX+Y

√
2πmkBT exp(X)0(X + Y )

(5)

with the effective potential

Veff(r) = V (r) + Pr,

wherekB denotes the Boltzmann constant.V (r) is the Toda potential according to Eq. (1). All thermodynamic
functions follow by derivation of the partition function with respect to the corresponding parameters. Due to the
Einstein relation the equilibrium distribution function does not depend on the friction strengthγ .

The mean specific volume is given by

v = 1

b
(ln X − 9(X + Y )) + σ. (6)

From this the pressureP is determined by

P = bkBT 9−1[ ln X − b(v − σ)] − ε

σ
, (7)

where the digamma-function9 is defined as usual by the logarithmic derivative of the0-function.
The specific internal energy of the system is given by

e = E

N
= 1

2kBT + 〈u〉. (8)
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Fig. 1. Specific heat per moleculecV at constant length of the Toda chain. In the region around the transition temperatureTtr (defined by
cV (Ttr) = 3

4kB) we observe the most interesting physical effects due to the interaction between solitary waves. For the chosen parametersv = σ

andb = 100/σ , we obtainTtrkB = 0.16ε.

The mean potential energies read

〈u〉 = P

b
+ ε

bσ
(ln X − 9(X + Y )), (9)

where the pressureP is given by Eq. (7). At low temperatures the equipartition theorem holds and we find

〈u〉 = 1
2kBT . (10)

In the high-temperature limit, the “Toda molecules” behave like hard spheres and the potential energies disappear.
The specific heat per molecule at constant volume reads [10]

cV = kB

(
1

2
+ X + Y − 1

9 ′(X + Y )

)
, (11)

where the trigamma-function9 ′ is defined as usual by the second logarithmic derivative of the0-function. This
function tends tokB in the low-temperature regime due to the thermal energykBT of each phonon. On the other
hand,cV shows the properties of a 1D hard-sphere gas at high temperatures, i.e.,cV tends to1

2kB.
As was shown in [6], for constant total length, all the thermodynamic functions can be obtained from the

phenomenology of an ideal soliton gas in the high-temperature limit, each soliton possessing a mean thermal
energy of1

2kBT . Several papers were devoted to the reconstruction of thermal properties of Toda systems from a
phonon–soliton phenomenology for intermediate temperatures beyond the ideal phonon gas and the ideal soliton
gas [4–9]. For low temperatures the number of thermal solitons increases withT 1/3, but it tends to the number of
molecules at high temperatures [7–9,30]. Here we introduce a transition temperatureTtr corresponding tocV = 3

4kB

(Fig. 1), where deviations from the low-temperature behaviour of the soliton density become significant. In the region
aroundTtr, thermal excitations should be described more generally as cnoidal waves which contain both phonons
and solitons as special cases in the low-and high-amplitude limit, respectively [1]. Loosely speaking, cnoidal or
solitary waves can be considered as deformed phonons with more or less steep compression humps and shallow
dilatation valleys between them. In the transition region, the interaction between solitary-wave excitations may lead
to interesting physical effects as will be demonstrated in the following sections.
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Fig. 2. Distribution function of the forceF in an infinite Toda chain with constant length,v = σ , andb = 100/σ (Eqs. (7) and (13)). The
function is plotted for three different temperatures corresponding to the phonon regime (dotted), the transition region (solid), and the hard-core
regime dominated by strongly localised solitons (dashed).

In the remainder of this section we will discuss the time-independent properties of the stochastic forces. According
to (1) the forceF acting on a molecule is given by

F = ε

σ
(exp(−br) − 1). (12)

The equilibrium distribution is derived from Eqs. (5) and (12) yielding

f (F ) = σ

ε

XX+Y

exp(X)0(X + Y )

(
1 + σF

ε

)X+Y−1

exp

(
−σXF

ε

)
. (13)

In the low-temperature limit, we find the well-known symmetrical shape of the distribution function around the
mean valueF = 0, which is obtained for harmonic lattices (Fig. 2). With increasing temperature, the distribution
becomes biased and the maximum is shifted towards the left. As can be seen from Eq. (13) forX + Y < 1, the
probability density diverges atF = −ε/σ , whereas the integral over theF -axis yields 1. According to Eq. (12)
the valueF = −ε/σ corresponds to an infinite dilatationr. This behaviour reflects the tendency of the molecules
of the chain to drift apart as a result of collisions, i.e., due to the presence of thermal solitons. As can be obtained
from Eq. (11), this behaviour is observed forcV < 0.89kB, i.e., both in the transition region and in the region of
non-interacting solitons. In the latter case, ifT tends to infinity, the distribution function tends to get a rectangular
shape consisting of a narrow peak atF = −ε/σ and a shallow but long-range tail for largeF values which is typical
for hard collisions (Fig. 2). In contrast, at the transition temperature, we observe a relatively broad distribution with
an exponential decay for largeF . This behaviour reflects the dominance of “soft” collisions with relatively long
interaction range.

By integration we find the mean value of the forceF

〈F 〉 = P, (14)
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Fig. 3. Relative mean square fluctuation (Eq. (15)) of the random force acting on a Toda molecule in a chain with fixed total length (Figs. 1 and
2) with dependence on the temperature. The minimum occurs near to the transition temperatureTtr .

and the relative mean square deviation reads

δ2 = 〈δF 2〉
〈F 〉2

=
(

mω2

P 2
+ b

P

)
kBT . (15)

Representing this quantity as a function of temperature, we see that the relative mean square deviation has a
minimum near to the transition temperatureTtr (Fig. 3).

Finally, we notice that in the case of fixed total length the distribution functions (Eqs. (5) and (13)) are exactly
valid only in the thermodynamic limit, i.e., for an infinite number of molecules. This is due to the fact that we fixed
the volume only in the thermal average by Eq. (6). Hence the nature of fluctuations around the mean values may be
modified for decreasing number of molecules in the chain. In particular, in a finite Toda chain, the probability density
of the forceF cannot diverge atF = −ε/σ . With the constraint of periodic boundary conditions, the expansion
tendency of a finite Toda ring aroundTtr may lead to a strong coherence of the molecular motion affecting the time
correlations of the fluctuations, as will be shown in Section 4.

3. Solutions of soft molecules in a hard Toda chain

Now we will extend our model to the case of dilute solutions ofn chemical sorts, each represented byNs soft
“Toda molecules” with stiffnessbs(s = 1, . . . , n) in a bath ofN0 hard “Toda molecules”(bs < b0) at constant
volume. In the limitb0 → ∞, the bath becomes a 1D hard-core gas. In the following we assumeNs � N0. Then
the pressure is determined by the bath of hard molecules and remains the same as before (Eq. (7)). The internal
energy of the system is given by

E = 1
2kBT

(
N0 +

∑
s

Ns

)
+ N〈u0〉 +

∑
s

Ns〈us〉. (16)
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Fig. 4. In the transition region aroundTtr the mean potential energy of soft “Toda molecules” diluted in a hard Toda chain at fixed total length
(parameters as in Figs. 1–3) shows a pronounced maximum. The potential energy of the soft molecules increases linearly with the inverse of
their stiffness parameterbs . With decreasing binding energyεs the relative maximum is shifted to lower temperatures (lower three curves).

The mean potential energies of hard and soft molecules, respectively, read [12]

〈u0〉 = P

b0
+ ε0

( v

σ
− 1

)
, (17)

〈us〉 = P

bs

+ εs

bsσ
(ln Xs − 9(Xs + Ys)), (18)

where the pressureP is given by Eq. (7). At low temperatures the equipartition theorem holds and we find

〈u0〉 = 〈us〉 = 1
2kBT . (19)

In the high-temperature limit, the ‘Toda molecules’ behave like hard spheres and the potential energies disappear.
Especially, we find from Eqs. (7),(17) and (18) for the casev = σ

〈us〉 = b0

bs

〈u0〉. (20)

In previous work, this exact result was reconstructed from a gas of non-interacting solitons which dominate the
dynamics at high temperatures [12]. It was also shown that at intermediate temperature, the mean potential energy
of soft molecules reaches a maximum in units of thermal energykBT (Fig. 4). This effect was explained by the
superposition of thermal excitations at the soft molecules corresponding to multiple elastic collisions.

Now we will study this maximum in more detail. From the localisation condition

d(〈us〉/T )

dT
= 0, (21)

we find using Eqs. (7) and (18)

ln Xs − 9(Xs + Ys) − b09
′(Xs + Ys)

bs9 ′(X0 + Y0)
+ ε

εs9 ′(X0 + Y0)
+ (εs − ε)

εs

(1 − Xs9
′(Xs + Ys)) = 0. (22)
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Fig. 5. TemperatureTloc of the maximum energy localisation of soft “Toda molecules” (Fig. 4) as a function of their stiffness parameterbs for
εs = ε. For a sufficient low stiffness of the diluted molecules the localisation temperature depends on the properties of the hard Toda bath only.
For the chosen parameters the valueTloc = 0.26ε corresponds to a specific heatcV (Tloc) = 0.73kB indicating the transition region.

Eq. (22) can be solved together with (7) numerically yielding the temperatureTloc defining the maximum localisation
point. According to Eq. (4),εs can be interpreted as the depth of the potential well or binding energy of the
soft molecules. For a given stiffnessbs , it defines the linear oscillation frequency of the soft molecules. With
decreasingεs the localisation pointTloc is shifted to lower temperatures, but〈us(Tloc)〉/kBTloc increases slightly
(cf. curves in Fig. 4). This means that mainly low-amplitude or phonon-like excitations will be localised at the
soft sites with decreasing linear oscillation frequency. However, the time-scale for high-amplitude or soliton-like
excitations is given by the stiffness parameter. Hence the amount of collimated energy〈us(Tloc)〉/kBTloc increases
significantly with decreasingbs (cf. upper curve in Fig. 4) due to the enhanced superposition of thermal solitons
[11,12].

In order to study this effect in more detail we will setεs = ε in the following. For sufficiently low stiffnessbs

of the diluted molecules, the localisation temperatureTloc depends on the properties of the surrounding hard Toda
chain only (Fig. 5). This behaviour was already observed in molecular-dynamics simulations of more realistic 3D
models of dense fluids [16].

In particular, for a vanishing ratio of stiffness parametersbs/b0, the localisation condition (22) can be simplified,
yielding

ln X0 − ln(X0 + Y0) + 1

9 ′(X0 + Y0)

(
1

X0
− 1

X0 + Y0

)
= 0. (23)

Solving this equation together with Eq. (7) and inserting the solution into Eq. (11) we obtain for the specific heat
at the localisation point

cV (Tloc) ' 0.73, (24)

yielding a good agreement with the definition of the transition temperatureTtr given above. This result confirms the
statement that energy localisation at soft sites is a special consequence of solitary-wave interaction in the transition
region.
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Finally we obtain from Eqs. (17), (18) and (23) for the mean potential energy of soft molecules at localisation
temperature a linear relation to the ratio of stiffness parameters

〈us(Tloc)〉 = const.
b0

bs

kBTloc. (25)

Energy localisation at soft sites in thermal equilibrium is due to the pressureP produced by the bath of hard
molecules in the transition region and can be attributed to the superposition of solitary waves corresponding to
multiple elastic collisions. According to Eq. (14), the pressureP acts as a random force with a non-zero mean on
the soft molecules. Hence the distribution functions (5) of the soft molecules are raised up to higher energies. If we
interpret the soft molecule as a reactive site with a certain activation barrier, this forceP may lead to a considerable
enhancement of the transition rate in the region ofTloc as was shown within the frame of elementary transition-state
theory [12–15,31].

4. Time correlations: transformation of white into coloured noise with1/f1/f1/f tail

Besides the static localisation effect discussed in Section 3 we expect novel effects concerning the nature of
fluctuations around the equilibrium functions due to the interaction of nonlinear excitations in the transition region.
So, we will now proceed to the investigation of time correlation functions (ACF) and the derived spectra. In
this section we restrict ourselves to the investigation of uniform Toda systems. Since the analytical theory of the
ACF is restricted to the harmonic case, we rely on computer experiments in the following. Correlation functions
from molecular-dynamic simulations of Toda systems were calculated, e.g., in [4,5], mainly in order to identify
thermally activated solitons in the spectra. Here, we ask the question if Toda systems may transform the uncorrelated
fluctuations of the surrounding heat bath, which are modelled by the Gaussian white noiseζ(t) in Eq. (3), into some
kind of coloured noise that may favour low-frequency activation processes. This question is of central importance,
especially for the understanding of transition processes in complex biomolecules [14,19–24,32].

In contrast to the equilibrium properties following from the distribution function (5), the time correlation functions
depend on the friction parameterγ , because its inverse determines the characteristic relaxation time of the system (2).
In the conservative caseγ = 0, the system follows the Hamiltonian dynamics. With increasingγ , the Hamiltonian
dynamics is modified, and for largeγ the “Toda molecules” reproduce the white noise of the surrounding heat bath.
So, we performed our simulations of the Langevin equations (2) and (3) for the case of weak thermal coupling with
γ = 10−3ω0. For integration we used a Runge–Kutta algorithm of fourth order using a constant stepsize of 10−3/ω0

including white-noise sources according to Eq. (3). First the system was heated up to a temperature aroundTtr.
After attaining the thermal equilibrium, we calculated the one-particle ACF of the forces (12) from the trajectory

ACF(t) = 〈δF (t0 + t)δF (t0)〉t0. (26)

From this we calculated the spectrum(FF)ω defined as the Fourier transform of Eq. (26).
For low temperatures the Toda system behaves like a harmonic lattice and the dynamics is determined by the

phonons. Fig. 6 shows the force spectrum calculated from a long-term simulation of a molecular ring consisting
of N = 10 identical “harmonic molecules” subject to periodic boundary conditions. As expected, the excitation
spectrum shows five distinct peaks at the well-known normal-mode frequencies. Naturally, the white noise of the
surrounding heat bath is reproduced at low frequencies. ForN → ∞ the thermal energy will be distributed equally
among an infinite number of phonons, the distinct peaks disappear and we observe a white-noise spectrum over the
entire frequency range. On the other hand, for high temperatures, the Toda spectrum behaves like an ideal hard-core
gas characterised by the simple white noise again.
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Fig. 6. Spectra(FF)ω of single-particle forcesF in a uniform ring ofN = 10 harmonic oscillators with oscillation frequencyω0 in thermal
equilibrium with a heat bath in the transition-temperature region. The friction parameter isγ = 10−3ω0. The spectrum was obtained by Fourier
transformation of the ACF at the sampling interval 1/ω0 calculated from a trajectory integrated over the time 10 000/ω0. We observe the phonon
peaks atω/ω0 = 2 sin(iπ/10) (i = 1, . . . , 5) as well as a white-noise tail at low frequencies.

However, Fig. 7 shows the excitation spectra of the one-particle ACF (26) obtained from a simulation of a uniform
Toda ring (2) made up ofN = 10 and ofN = 20 “Toda molecules” in the transition-temperature region. Most
strikingly, in the double-logarithmic presentation we observe a straight line with a slope near to−1 clearly indicating
a broadband coloured noise of 1/f type at low frequencies. The trajectory of the molecular forceF shows that the
high-energy events corresponding to high-compression peaks or solitary waves occur most likely in clumps as it
is typical for beating phenomena (Fig. 8). In particular, the 1/f spectrum implies a hierarchy of beatings where

Fig. 7. Spectra(FF)ω of single-particle forcesF in uniform rings ofN = 10 (solid) andN = 20 (dashed) Toda oscillators with oscillation
frequencyω0 and stiffnessb = 100/σ in thermal equilibrium with a heat bath in the transition-temperature region (kBT = 0.26ε corresponds
to cV (Tloc) = 0.73kB). The friction parameter isγ = 10−3ω0. The spectra were obtained by Fourier transformation of the ACF (Fig. 11) at a
sampling interval of 0.1/ω0 calculated from a trajectory of the length 30 000/ω0. We observe broad peaks around the second-phonon frequencies
as well as 1/f tails at the low end of the spectra. The intensity decreases with particle numberN .



M. Jenssen, W. Ebeling / Physica D 141 (2000) 117–132 127

Fig. 8. Trajectory of the forceF acting on a “Toda molecule” embedded in the 10-particle Toda ring in the transition region corresponding to
the spectrum shown in Fig. 7. The long-term trajectory shown above indicates the hierarchy of long-range fluctuations as it is typical for 1/f

noise. The maximum bump of the above simulation is plotted in higher resolution. We observe the beating-like modulation of the amplitudes of
solitary-wave peaks.

periods with more energetic compression pulses are more probable to appear at longer time intervals. The internal
dynamics is accompanied by long-term correlated random rotations of the whole ring (Fig. 9). These coherent
fluctuations of the ring correspond to a diffusion regime. With respect to the spectrum of fluctuations, there is some
analogy to the traffic-jam models which are classical examples of 1/f noise [25,26]. In this analogy the “Toda
molecules” correspond to “cars” moving around a circular highway and the compression peaks make up the jams
of different size. However, our “Toda molecules” do not possess a “fuel tank” and are driven only by the Brownian
motion of the surrounding heat bath. Consequently, the long-term average of the velocities tends to zero. We stress
that the Toda ring is in thermal equilibrium and the 1/f tail of the spectrum reflects the character of equilibrium
fluctuations.
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Fig. 9. Total momentum
∑

i=1,10pi of the 10-particle Toda ring corresponding to the simulation shown in Figs. 7 and 8. The ring rotates as a
whole at low frequencies.

The hierarchical order of the fluctuations is due to the Hamiltonian dynamics of the finite-size Toda ring. Finally,
let us try to get a hint on this underlying dynamics by comparison of the spectra of the harmonic and the Toda
ring in more detail (Fig. 10). We notice the complete failure of the first phonon peak in the Toda spectrum. In the
harmonic ring, this excitation corresponds to a standing wave with two knots which can be decomposed into two
waves of the same frequency but running in opposite directions. Indeed, on the Toda ring we observe during the

Fig. 10. Comparison of the spectra(FF)ω of a 10-particle Toda ring (solid line) and a harmonic ring (dotted line) in thermal equilibrium with
a heat bath in the transition-temperature region in the range of normal-mode frequencies. Parameters as in Figs. 7 and 8. The spectra were
obtained by a Fourier transformation of the ACF at the sampling interval 0.1/ω0 calculated from trajectories over the time 7000/ω0. We observe
the complete failure of the first-phonon peak, a broad peak around the second-phonon frequency, and a high-frequency bump right from the
phonon-range in the Toda spectrum.
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Fig. 11. Autocorrelation functions ACF(t) of the random forceF for 10-particle (solid) and 20-particle (dashed) Toda rings corresponding to the
spectra shown in Fig. 7. In the 10-particle ring we observe a distinct peak corresponding to two solitary waves running in opposite directions.
In the 20-particle ring the corresponding peak is shifted to the right but less pronounced.

simulations, mostly two distinct soliton-like wave peaks running in opposite directions and merging into mainly
one wave peak twice in each turn (Fig. 8b). The frequency of these solitary waves corresponds to the broad peak
in Figs. 7 and 10 which has its maximum accurately at the second-phonon frequency. Furthermore, the speed of
the nonlinear waves is varied with the fluctuations of their amplitudes and hence we do not have a fixed phase
relation leading to standing-wave phenomena. Instead, we observe a beating-like modulation of the amplitude of
compression peaks due to the strong interaction of mainly two solitary or cnoidal waves each of wavelengthN and
a frequency fluctuating around that of the second harmonic normal mode.

From the simulations, presented we not only observe a dependence of the effect on the temperature and the degree
of thermal coupling, but we also presume a great importance of the boundary conditions and hence a dependence on
the size of the Toda ring. The coherence of the molecular motion gets lost with increasing number of molecules. It
follows from the ACF presented in Fig. 11 that the distinct solitary-wave peak corresponding to the second-phonon
frequency will not only shift to the right on the time axis but also gets less pronounced with increasingN . The
thermal energy gets more equally distributed over a broad spectrum of cnoidal waves with varying wavelength and
frequencies instead of being contained in mainly two strongly interacting pulses. Hence the solitary-wave peak at
the second-phonon frequency decreases with increasingN in the spectra of the ACF (Fig. 7). Accordingly, both the
onset frequency and the intensity of the 1/f noise at the low end of the spectrum decrease with increasing number
of molecules (Fig. 7). We conclude from these observations that the 1/f noise at the low end of the spectrum is a
typical finite-size effect disappearing in the thermodynamic limit [19].

5. Discussion and conclusions

The investigation of distribution functions and excitation spectra in classical models of molecular systems
is of central importance to the further development of the theory of molecular activation processes. After the
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pioneering works of Arrhenius, in 1940 Kramer succeeded in establishing a stochastic theory of reaction rates
concerning simple chemical reactions in solutions. According to the Kramers theory (for a survey we refer to
[27]), reactions proceed due to transitions over an energy barrier caused by microscopic thermal fluctuations of the
heat bath. The need for further generalisation of this quite successful theory originates from the fact that several
activation phenomena in complex molecular systems as, e.g., enzymatic reactions or protein-folding processes,
remain unexplained so far. Up to now a lot of work has been done in order to extend the original Kramers the-
ory to more complicated reactions and to treat the coupling of non-reactive molecular systems to the reactive site
explicitly.

As simple 1D models of excitations in molecular systems, we investigated here Toda systems which admit
exact solutions for the dynamics and statistical thermodynamics. In the transition-temperature region, the strong
interaction between solitary waves may lead to a considerable enhancement of transition rates via two differ-
ent mechanisms. The first one is the energy localisation at “soft” reaction sites embedded in a hard Toda chain
of fixed total length. In previous papers [12–15,31], we estimated reaction rates according to transition-state
theory assuming equilibrium distributions of coupled reaction systems yielding considerable rate enhancements
at intermediate temperatures. This enhancement follows from the non-zero average force (pressure) which acts
on a soft reactive molecule and is of static character. This force affects the exponential factor of the rate con-
stant significantly by lowering the activation barrier. The effect can be interpreted as a superposition of soli-
tary waves which becomes possible at “soft” molecules at intermediate temperatures. It is not restricted to 1D
Toda lattices but persists also in more realistic 2D and 3D models of dense fluids consisting of solvent and
solute molecules with Morse or Lennard–Jones interactions. Superposition of solitons corresponds to multiple
collisions in these systems. In higher dimensions a weak localisation of potential energy was observed also at
the bindings of the bath molecules and was connected to a transition between different lattice configurations
[16,17].

Besides this static effect, a considerable rate enhancement can be expected from a transformation of the uncor-
related noise of a surrounding heat bath into a broadband coloured noise with an 1/f tail at low frequencies. This
behaviour was proven for a finite-size Toda ring with weak thermal coupling in the transition-temperature range.
Such a system seems to be an ideal host for the excitation of special active sites possessing resonance frequencies
inside this low-frequency band. The finite-size Toda ring with moderate coupling to a surrounding heat bath in
the transition-temperature region is perhaps the simplest classical model of a ring-shaped biomolecule in solution.
In previous papers real molecular forces in proteins and DNA were fitted to Toda and Morse potentials yielding
the important result that the transition-temperature region corresponds to the range of physiological temperatures
[12–15,30,31]. Indeed, statistical analyses of experimentally observed single-molecule trajectories of the enzyme
cholesterol oxidase revealed significant and slow fluctuations in the reaction rate [24]. This effect was described
as a molecular memory phenomenon, in which an enzymatic turnover is not independent of its previous turnovers
because of slow fluctuations of protein conformation. Such long-term correlated conformational changes which are
relevant in context with protein-folding processes and enzyme reactions might be explained by dynamical mecha-
nisms similar to those observed in our simple Toda model. Here we found coherent molecular motions, in particular
mainly two soliton-like waves of similar amplitude and frequency running in opposite directions. The fluctuations
of their amplitudes and frequencies lead to some kind of nonlinear beating phenomenon that is connected to a 1/f

region of the spectrum.
The two main types of 1/f -noise systems discussed so far in the literature are:

1. flicker noise observed in simple physical systems [28],
2. long-correlated noise observed in complex systems in nature and society [29].
As shown by Klimontovich, flicker noise may be interpreted as a diffusion regime of the dynamics of finite

systems. Typical properties of the flicker noise of Klimontovich-type are the following:
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1. This type of flicker noise appears at frequenciesωfl bounded from above by the diffusion timeL2/D and from
below by the observation timetobs(

1

tobs

)
< ωfl <

(
D

L2

)
, (27)

whereD is the diffusion constant (corresponding here to the rotational stochastic motion shown in Fig. 9) and
L the length of the system (corresponding here toNσ ).

2. The amplitude of the flicker noise is proportional to 1/(Nω), whereN is the particle number.
A quite different type of 1/f noise has been observed in large and complex many-particle systems far away from

thermal equilibrium. The latter type of 1/f noise is of central importance in the theory of self-organised criticality
[29].

In this paper, we presented a relatively simple dynamical system fluctuating in thermal equilibrium that transforms
the uncorrelated, white noise of the surroundings into noise of 1/f -like type. In many respects the noise we have
observed corresponds to a flicker noise of the type investigated by Klimontovich since it is clearly connected with
a diffusion type of dynamics as shown in Fig. 9 and since it seems to decrease with a dependence 1/N . A closer
inspection of this point however, requires more extensive simulations; therefore we have to leave this question to
further investigations. Even at the present stage of the investigations we may draw some general conclusions.

The 1/f noise observed in Toda systems is not connected to a fine-tuning of temperature, structural parameters,
particle number, or thermal coupling, but occurs in a wide range of these quantities with varying intensity. Further-
more, it can be expected to persist for a wide class of more realistic molecular potentials in the transition region.
However, it was not observed in previous investigations for Lennard–Jones molecules at higher dimensions so far
[16]. This point needs further clarification and we propose to repeat the runs presented in [16] with higher accuracy,
in particular extending the length of the trajectories. From the investigations carried out so far we hypothetically
derive the following preconditions for fluctuating equilibrium systems to transform white noise into 1/f -like noise:
1. Nonlinear, asymmetrical interactions between molecular units with a steep repulsive and a flat attractive branch.
2. Quasi-1D configurations of a finite many-body system with periodic boundary conditions (ring).
3. Weak thermal coupling to a surrounding heat bath in the transition-temperature region.
We hope that the further investigation of the effects shown in this paper will support the understanding of

complex molecular motions and energy activation processes. In particular, we consider a molecular ring in the
diffusion regime as an ideal host for the excitation of special active sites possessing resonance frequencies inside
this low-frequency band. A possible field of applications is the dynamics of chemical reactions [15,20,26] and in
particular of biomolecules with enzymatic activity [21–24,32].
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