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Motivation

Comparing the identity-by-descent (IBD) pro-

portion among affected relatives in a pedigree

is usually used for linkage analysis (reject or

accept the null hypothesis of no linkage) in-

stead of segregation analysis (reject or accept

a particular disease model). For the latter, one

needs to calculate the expected probability of

IBD proportion under a given disease model.

For complex diseases, such calculation can be

complicated. This poster presents an easy and

flexible procedure to carry out this calculation.



What’s New?

There are several ways to calculate the prob-

ability of IBD given a disease model. One

method is to list all possible mating types, de-

termining the IBD in each type, and taking the

average. Another method, borrowed from the

classical quantitative genetics, is to calculate

the co-variance of a quantitative trait between

two relatives, and convert this co-variance to

the probability of IBD proportion.

The third method, to be extended here, first

developed by C.C.Li and L. Sacks in 1954, is

Bayesian-based, that uses the conditional prob-

abilities (in matrix form) of the second relative

to have certain genotype, given the first rela-

tive’s genotype, and the IBD between the two.



Original Li-Sacks Formula

P (k|AA) =
P (k, AA)

P (AA)

=
P (AA|k) · P (k)

∑

k P (AA|k)P (k)
← Bayes’ theorem

=
[
∑

G1,G2
P (A2|G2)P (G2|G1, k)P (A1|G1)P (G1)] · P (k)

sum of numerator over k

where

k : number of genotype IBD between two relatives (k=0,1,2)

AA : the event that two relatives are affected

G1(G2) : the first (second) relative’s genotype

P (A|G) : penetrance (given by a disease model)

P (k) : prior probability of IBD=k (e.g., 1/4, 1/2, 1/4 for sib pairs)

P (G) : genotype frequency (e.g. p2, 2pq, q2)

P (G2|G1, k) : conditional probability of the second relative to have G2 given

the first relative has G1, and given the IBD is k (Li-Sacks’ matrices)

The Li-Sacks’ matrices ( P (G2|G1, k) or {Tij(k)}) are:

{Tij(2)} =













1 0 0

0 1 0

0 0 1













, {Tij(1)} =













p q 0

p/2 1/2 q/2

0 p q













, {Tij(0)} =













p2 2pq q2

p2 2pq q2

p2 2pq q2













with

i : row index, or index of the first relative

j : column index, or index of the second relative

One might consider {Tij(2)} as being related to the situation of identical

twins, {Tij(1)} with that of a parent-child pair, and {Tij(0)} with that of

two unrelated individuals in a population.



Revised Li-Sacks Formula
In the revised Li-Sacks formula (the main result of this poster), the sum-

mation
∑

G1,G2
over two genotypes now becomes

∑

im,jm,ip,jp
over four alleles

(paternal and maternal alleles of the first and the second relative); and the

3-by-3 Li-Sacks matrices become 2-by-2 matrices. More specifically,

P (km, kp|AA) =
[
∑

im,jm,ip,ip=1,2 fjmjp
· timjm

(km)tipjp
(kp) · fimip · pimpip]p(km)p(kp)

sum of numerators over km and kp

,

where

km(kp) : maternal (paternal) allele IBD (=0,1)

AA : the event that two relatives are affected

im, ip(jm, jp) : the index for the 1st (2nd) relative’s maternal & paternal allele

fimip, fjmjp
, : penetrance

p(km)(p(kp)) : prior prob of maternal (paternal) allele IBD

(e.g. 1/2, 1/2 for sib pairs

pim, pip : allele frequencies (e.g. p,q)

timjm
(km)(tipjp

(kp)) : conditional probability of the second relative’s maternal

(paternal) allele to be j given the first relative’s maternal

(paternal) allele being i, and given the allele IBD=km(kp)

(revised Li-Sacks matrices)

The revised Li-Sacks matrices {tij(k)} are

{tij(1)} =





1 0

0 1



 , {tij(0)} =





p q

p q





with

i : row index, or index for the allele of the first relative

j : row index, or index for the allele of the second relative

The derivation of {tij(k)} is very simple (see next page).



From Li-Sacks Matrices to Revised

Li-Sacks Matrices

This revision is to focus on allele IBD instead

of genotype IBD, and thus reducing the 3-by-

3 Li-Sacks matrices to 2-by-2 matrices. The

meaning of the revised Li-Sacks matrices is ex-

tremely simple: if the allele IBD is 1, the two

relatives’ alleles are the same; if the allele IBD

is 0, the probability of the second relative to

have an allele is equal to the population allele

frequency.

This revision is a further extension of the pa-

per by Campbell and Elston (1971), in which

ordered genotypes were considered instead of

genotype, and the Li-Sacks matrices there were

4-by-4. In fact, these 4-by-4 matrices are ex-

ternal tensor products of the 2-by-2 matrices

used here.

Note that P (k|AA) = Σkm+kp=kP (km, kp|AA).



Extension 1: Unilineal Relative Pairs

For unilineal relative pairs (e.g. a parent and

a child), the genotype IBD cannot be 2: one

of the allele IBD between the two relatives is

always 0. We can set the prior probability

p(kp = 1) = 0. By using a property of the

revised Li-Sacks matrix tij(0) = pj, we have

P (km|AA) ≡ P (km, kp = 0|AA)

=

∑

imjm
(
∑

jp
fjmjp

pjp
)timjm

(km)(
∑

ip fimippip)p(km)

sum of numerators over km

=

∑

imjm
fjm
· timjm

(km) · fim · p(km)

sum of numerators over km

,

where fjm and fim are averaged penetrances.



Extension 2: Three Or More Alleles

Suppose a disease model is defined under the

assumption of three alleles (wild type, severe

mutant, and mild mutant), how will the Li-

Sacks formula be modified?

Simple! First, the upper limit of the summa-

tion for im, ip, jm, jp is 3 instead of 2. Second,

the Li-Sacks matrices become:

{tij(1)} =

























1 0 0

0 1 0

0 0 1

























, {tij(0)} =

























p1 p2 p3

p1 p2 p3

p1 p2 p3

























.

where p1, p2, p3 are the three allele frequencies.



Extension 3: Unaffected-Unaffected

and Unaffected-Affected pairs

The extension is very simple: replace the pen-

etrance f by the 1 − f . For example, for the

unaffected-unaffected pairs:

P (km, kp|UU) =
[
∑

im,jm,ip,jp
(1− fimip) · timjm

(km)tipjp
(kp) · (1− fjmjp

) · pimpip]p(km)p(kp)

sum of numerators over km and kp

where

UU : the event that two relatives are unaffected

For unaffected-affected pairs, the IBD proba-

bility is:

P (km, kp|UA) =
[
∑

im,jm,ip,jp
(1− fimip) · timjm

(km)tipjp
(kp) · fjmjp

· pimpip]p(km)p(kp)

sum of numerators over km and kp

where

UA : the event that one relative is affected and another is not



Extension 4: Identity-by-State

Interestingly, Li-Sacks formula can be easily

extended to the situation of identity-by-state.

We replace the revised Li-Sacks matrices tij(k)

by the similar matrices sij(IBS = k):

{sij(1)} =















1 0

0 1















, {sij(0)} =















0 1

1 0















.

The new formula looks like this:

P IBS(km, kp|AA) =
[
∑

im,jm,ip,jp=1,2 fjmjp
· simjm

(km)sipjp
(kp) · fimip · pimpip]p

IBS(km)pIBS(kp)

sum of numerators over km and kp



Extension 5: Two Unlinked Disease

Genes (Two-Locus Models)

There are 8 indices for alleles at two locations

of two relatives: im, ip, jm, jp, i
′
m, i′p, j

′
m, j′p. The

joint probability of IBD of four alleles (mater-

nal and paternal alleles at first and second lo-

cus) is:

P (km, kp, k
′
mk′p|AA) ∝

∑

im,ip,jm,jp,i′m,i′
p
,j′

m
,j′

p

fjmjpj′mj′
p
· timjm

(km)tipjp
(kp)ti′

m
j′
m
(k′m)ti′

p
j′
p
(k′p) · fimipi′mi′

p

· pimpippi′
m
pi′

p
· p(km)p(kp)p(k′m)p(k′p)

where

i(j) : index for the first (second) relative

i, j(i′, j′) : index for the first (second) locus

im, jm, i′m, j′m(ip, · · ·) : index for the maternal (paternal) allele

fimipi′mi′
p
, fjmjpj′mj′

p
: penetrances (given by a two-locus model)

p(km), p(kp), p(k′m), p(k′p) : prior probability of allele IBD

pim, pip, pi′
m
, pi′

p
: allele frequencies

tij(k) : revised Li-Sacks matrices (k is the allele IBD)

(1)

The calculation of IBD probability for two-

locus models or multiple-locus models is te-

dious but straightforward. Note P (k, k′|AA) =

Σkm+kp=k,k′m+k′p=k′P (km, kp, k
′
mk′p|AA)



Extension 6: IBD at a Marker

Linked to a Disease Gene

This is another calculation, though not new,

but becomes easier to derive using the revised

Li-Sacks formula. We start with this formula:

P (kM
m , kM

p |AA) =
∑

kmkp

P (kM
m |km) · P (kM

p |kp) · P (kmkp|AA)

where

P (km, kp|AA) : as defined before, probability of allele IBD at the disease gene

kM
m , kM

p : allele IBD at the marker

P (kM
m |km), P (kM

p |kp) : conditional probability of an allele IBD at the marker

given the allele IBD at the disease gene locus

There are four P (kM
m |km)’s, which are:

P (kM = 1|k = 1) = P (kM = 0|k = 0) = θ2 + (1− θ)2

P (kM = 1|k = 0) = P (kM = 0|k = 1) = 1− θ2 − (1− θ)2

where θ is the recombination fraction between the marker and the disease

gene locus.

The calculation of P (kM
m , kM

p |AA) by the re-

vised Li-Sacks formula is simpler than that by

counting mating types as in Appendix B of

Haseman & Elston, 1972.



Extension 7: IBD at Two Markers

Linked to Two Disease Genes
This is the situation when the two disease genes are not linked (e.g. on

two different chromosomes), but two markers are linked to the two genes.

The probability for IBD proportion at four alleles is:

P (kM
m , kM

p , k′Mm , k′Mp |AA) =
∑

km,kp,k′

m
,k′

p

P (kM
m , kM

p , k′Mm , k′Mp |km.kp.k
′
m.k′p)

× P (km, kp, k
′
m, k′p|AA)

=
∑

km,kp,k′

m
,k′

p

P (kM
m , kM

p |km.kp)P (k′Mm , k′Mp |k
′
m.k′p)

× P (km, kp, k
′
m, k′p|AA) (2)

where

P (km, kp, k
′
m, k′p|AA) : same as before (see Extension 5)

P (kM
m , kM

p |km, kp) : same as before (see Extension 6)

Note that for P (kM
m , kM

p |km, kp) at the first locus, the recombination θ is

used. For P (k′Mm , k′Mp |k
′
m, k′p) at the second locus, however, a different re-

combination θ′ is used.

To make the notation less confusing, the following Drawing shows the

meaning of the indices (i and j for the first and the second relative; sub-

scripts m and p for the maternal and paternal allele; superscript ′ for the

second locus; and superscript M for the marker).
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