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One of the main tasks in microarray analysis is

to select genes that are differentially expressed

in diseased tissues vs. normal tissues; one sub-

type of disease vs. another; or any two clin-

ical/phenotypical conditions whose differences

are of interests.



If we examine genes one at the time (rather than

clusters, or conditionally over another gene), they

can be ranked according to how differentially

expressed they are. “Top” gene is the most dif-

ferentially expressed gene.



Do we pick top 10 genes? top 100? If we rank

genes by some quantitative measurement, how this

measurement decreases with the rank? What is the

functional form of this decrease?



Zipf’s law
Discriminant Likelihood

Analysis
City Population

Keyword Search Power-law
Gene Selection



O U T L I N E

+ Discriminant analysis/Logistic regression (binomial,

multinomial, matched)

+ Maximum likelihood as measure of the importance

of genes

+ Zipf’s law/Luhn’s keyword design principle

+ Zipf’s law in cancer classifications (leukemia, colon,

lymphoma, breast, bladder)

+ Discussions



Discriminant Analysis

Tests: assuming a gene doesn’t discriminant two types, test

how incorrect the assumption is. [Based on normal distribu-

tion:] t-test; [Do not assume normal distribution:] other non-

parametric tests.

Modeling: assume a gene contributes to the discrimination

via some model. there are parameters in the model. adjusting

the parameter values to reach the best fit



Discriminant Analysis !Modeling ! Logistic Regression

sample i (1,2,..N), gene j (1,2,..p)

sample label y, gene expression (usually on log level) x

Prob(yi = 1jxji) =

1

1+ e�aj�bjxji



Discriminant Analysis !Modeling ! Logistic Regression

! Maximum likelihood

multiply over all samples (

Q
i).

if the sample is actually labeled as 1, use maxP(y = 1), if the sample is

actually labeled as 0, use maxP(y = 0)
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Discriminant Analysis !Modeling ! Logistic Regression

!Maximum likelihood !Measure of importance of a gene

^Lj represents the overall discrimination/classification perfor-

mance of gene j on the data at hand.

To get a per sample performance, remember that ^Lj is derived

from a product, we use
�pj = ^L
1=N

j

or (H is the entropy):

�pj = e
1

N

P
i log(P(yi)) � e�Hj



Discriminant Analysis !Modeling ! Logistic Regression

! Multinomial Logistic Regression

sample i (1,2,..N), gene j (1,2,..p)

sample label y (whose value can be 1,2..I), gene expression

(on log level) x
Prob(yi = Ijxji) =

e�aI�bIxji

PC
K=1 e
�aK�bKxji



Discriminant Analysis !Modeling ! Logistic Regression

! Matched Case-Control Logistic Regression

sample i (1,2,..n=N/2), gene j (1,2,..p)

the direction of condition is switched

Prob(xji � x0jijyi = 1; y0i = 0) =

1

1+ e
bj(xji�x
0

ji)



Zipf’s Law

George Kingsley Zipf (1902-1950), linguis-

tic professor at Harvard, observed that fre-

quency of usage of English words f(r) (r is

the rank), follows a power-law function

f(r) =

c
r�
; � � 1



Zipf’s law ! city population

p(r) is the population of rank-r city:
p(r) =

c
r�

� may not be 1

Similarly, company sizes in terms of revenue , in terms of

profit ,...



Zipf’s law ! webpage statistics

The number of access of the rank-r webpage...

Similarly, keyword search in database , number of times li-

brary books are borrowed , citation of scientific publica-

tions ...



Zipf’s law ! information retrieval ! Luhn’s principle for

keywords selection

Hans Peter Luhn (1896-1964), IBM, pioneer of information re-

trieval systems, recognized that both high-ranking words (com-

mon) and low-ranking words (rare) are not good candidates

for keywords used for searching. Middle-ranked words are the

best candidates.



Zipf’s Law in Microarray Data

public domain data:

cancer types source model N total genes
leukemia ALL,AML Golub’99 LR 72 7129

colon colon, norm Alon’00 LR 62 2000
lymphoma DLBCL,FL,CLL,norm Alizadeh’00 mult.LR 96 4026
lymphoma GC- ,A-DLBCL,norm Alizadeh’00 mult.LR 72 4026

breast before,after (chemo.) Perou’00 matched LR 20p 8102

unpublished data:

bladder cancer, less than 20 samples, more than 15000 genes/ESTs



cancer classification ! two classes ! two leukemia subtypes

•
•
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classifying two leukemia subtypes
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slope=   -0.066 ( 1 -> 900 )

72 samples

. . . . . . . . . . . . . .................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

386

perm1: slope=   -0.013
. . . . . . . . . . . . . ................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................perm2: slope=   -0.016 ( 1 -> 900 )

257



cancer classification ! two classes ! colon cancer vs. normal

•
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•
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classifying colon cancer vs normal

rank

n
o

rm
a

li
z
e

d
 l
ik

e
li
h

o
o

d

1 5 10 50 100 500 1000

0
.5

0
.6

0
.7

slope=   -0.035 ( 1 -> 600 )
62 samples

slope=   -0.034 ( 1 -> 1000 )

. . . . . . . . . . . . . . ..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

143,147

perm1: slope=   -0.009

( 1 -> 1000 )

. . . . . . . . . . . . . . ...............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

perm2: slope=   -0.011



cancer classification ! multiple classes ! lymphoma subtypes

• •
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classifying lymphoma subtypes and normal
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slope=   -0.041 ( 1 -> 200 ) (4 classes, 96 samples)

(DLBCL, FL, CLL, normal)

. . . . . . . . . . . . . . ...............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

1848,1983

perm1(4class): slope=   -0.011 ( 1 -> 1000 )

. . . . . . . . . . . . . . ......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................perm2: slope=   -0.011
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slope=   -0.065 ( 1 -> 4026 ) (3 classes,72 samples)

(GC-DLBCL, A-DLBCL, normal)

. . . . . . . . . . . . . . ...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
perm1(3class): slope=   -0.016 ( 1 -> 4026 )

583
. . . . . . . . . . . . . . .........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

perm1: slope=   -0.013

655



cancer classification !matched case control ! breast cancer before
vs after chemotherapy treatment

• • •

•
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classifying conditions before and after treatment of breast cancer
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perm2: slope=   -0.039
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A summary of these ranked plots

cancer best likelihood baseline likelihoods � num. gene
(size) (ratio over baseline) (G0, G1, P, P) (�/�perm) (total)

leukemia 0.87 0.5, 0.52, 0.59, 0.60 0.066 -,-,386,257
(72) (1.7, 1.7, 1.5, 1.5) (� 4-5) 7129

colon 0.67 0.5, 0.52, 0.56, 0.56 0.034 -,-,143,147
(62) (1.3, 1.3, 1.2, 1.2) (� 3-4) 2000

lym(4) 0.50 0.25, 0.31, 0.34, 0.33 0.04? -,-,1848,1983
(96) (2.0, 1.6, 1.5, 1.5) (� 3-4 ?) 4026

lym(3) 0.57 0.33, 0.34, 0.38, 0.38 0.065 -,-,583,655
(72) (1.7, 1.7, 1.5, 1.5) (� 4-5) 4026

breast 1.00 0.5,0.5, 0.68, 0.67 0.13? 0.09? -,-,38,42
(20) (2.0,2.0,1.5, 1.5) (� 2-3?) 8102



What about random data? Do they also follow

Zipf’s law?

Under null hypothesis, (2, log, max) likelihood ratio

^L1=^L0 follows a �2 distribution with df degrees of

freedom (df = p1 � p0, where p1 and p0 are the

number of parameters in model L1 and null L0).



YES, they do!

likelihood ratios generated by chi2(df=1, 2)

rank

li
k
e

li
h

o
o

d
 r

a
ti
o

1 10 100 1000

1
1

0
1

0
0

1
0

0
0

1
0

0
0

0

df= 2 p= 5000

df= 1 p= 5000

df= 2 p= 200

df= 1 p= 200



Last example: bladder cancer (unpublished)

+ 19 samples: 4 “normal” (non-bladder-cancer), 7 superficial, 3 invasive
(though one of the samples is suspected to be superficial), 5 metastatic

+ Number of genes/ESTs (spots) is 15,650

+ cDNA chip, plot (log Ired � log Igreen) vs. (log Ired + log Igreen)=2.
regression line provides the mean to be subtracted. (log Ired�log Igreen�

mean) is the log-expression used.

+ “Normal” samples are not really normal (patients with other cancers),
more interested in superficial vs. (invasive+metastatic), and invasive vs.
metastatic



cancer classification ! two classes ! bladder cancer ! S vs. I+M
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S vs. I+M classification (N=15)
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rank of genes
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switching 134I to 134S



cancer classification ! two classes ! bladder cancer ! I vs. M
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I vs. M classification (N=7, 2 I’s, 5 M’s)
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Discussions ! No intrinsic cutoff

Just as there is no intrinsic cutoff threshold between

big cities and median sized cities and small cities,

there is no “gap”in the ranked likelihood profile that

separates “important” genes and “unimportant” genes.

Grey areas always exist.



Discussions ! Shape of the ranked likelihood

Power-law function (log(^L(r)) vs. log r) seems to be univer-

sally true (if sample size is large enough). Even true for per-

muted data. The fall-off of the ranked likelihood is perhaps

more informative. In contrast to examples of English words

and city populations, the slope is not close to 1.

Ranked entropy H(r) increases with r as � log(r)

Ranked p-values and connection with multiple testing?



Discussions ! Avoid top the bottom genes?

Following Luhn’s principle, we may want to throw

away high and low ranking genes. Bottom genes,

yes, but top genes? Only in the sense that if these

top genes are well known, genes involved in a joint

action are more likely in the middle-ranked range.

[Logistic regression with two or more genes, vari-

able selection, model selection (AIC,BIC),...]



Collaborators

� Yaning Yang (Rockefeller)

� Marta Sanchez-Carbayo (Sloan-Kettering)

bladder cancer data
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