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ABSTRACT

The Zipf curve of log of frequency against log of rank 
for a large English corpus of 500 million word tokens 
and 689,000 word types is shown to have the usual 
slope close to –1 for rank less than 5,000, but then for a 
higher rank it turns to give a slope close to –2. This is
apparently mainly due to foreign words and place 
names. The Zipf curve for a highly-inflected language 
(the Indo-European Celtic language, Irish) is also 
given. Because of the larger number of word types per 
lemma, it remains flatter than the English curve 
maintaining a slope of –1 until a turning point of about 
rank 30,000. A formula which calculates the number of 
tokens given the number of types is derived in terms of 
the rank at the turning point, 5,000 for English and 
30,000 for Irish. 

1. INTRODUCTION

Zipf’s law, discovered empirically by Zipf (1949) for 
word tokens in an English corpus, states that if f is the 
frequency of a word in the corpus and r is the rank, 
then 

r

k
f = (1)

where k is a constant for the corpus. When log(f) is 
drawn against log(r) in a graph (which is called a Zipf 
curve), a straight line is obtained with a slope of –1. 
Zipf discovered the law by analysing manually the 
frequencies of words in the novel “Ulysses” by James 
Joyce. It contains a vocabulary of 29,899 different 
word types associated with 260,430 word tokens. 

Zipf’s discovery was followed by a large body of 
literature, reviewed in a series of papers edited by 
Guiter and Arapov (1982). Notable among these are 
papers by Mandelbrot (1953, 1954, 1959, 1961), Miller 
(1954, 1957, 1958), Simon (1955, 1960, 1961), Sichel 
(1975, 1986), Carroll (1967, 1969), Chitashvili (1983, 
1989) and Orlov (1983). 

It continues to stimulate interest up to today Samuelson 
(1996);      Baayen    (1991,  2001);        Evert    (2004); 

Hatzigeorgiu, Mikros and Carayannis (2001); 
Montermurro (2001); Ferrer and Solé (2002) and, for 
example, it has been recently applied to citations 
Silagadze (1997), to biological species-abundance 
Sichel (1997) and to DNA sequences Yonezawa and 
Motohasi (1999); Li (2001). 

Following its discovery in 1949, several experiments 
aided by the appearance of the computer in the 1960’s, 
confirmed that the law was correct. The slope of the 
curve was found to vary slightly from –1 for some 
corpora; also the frequencies for the highest ranked 
words sometimes deviated from the straight line, which 
suggested several modifications of the law, and in 
particular one derived theoretically by Mandelbrot 
(1953) with the form 

βα )( +
=

r

k
f (2)

where α and β are constants for the corpus being 
analysed. However, generally the constants α and β
were found to be only small varying deviations from 
the original law by Zipf. 

A number of theoretical explanations for Zipf’s law 
had been derived, many reviewed by Fedorowicz 
(1982); notably are those due to Mandelbrot (1954, 
1957), Miller (1954, 1958), Simon (1955), Booth 
(1967), and Sichel (1975, 1986). 

The processing of larger English corpora with 1 million 
words - the Brown corpus of American English 
(Francis and Kucera 1964) - was facilitated by the 
development of PC’s in the 1980’s. When Zipf curves 
for these corpora were drawn, they were found to drop 
below the Zipf straight line with slope of –1 at the 
bottom of the curve. 

At this laboratory (Ha et al. 2003) experiments with the 
large English Wall Street Journal corpus (Paul and 
Baker 1992) of 42 million words, have shown that the 
Zipf curve drops rapidly below a straight line for ranks 
higher than about 5,000 (see Figure 1). 
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FIG. 1 – Zipf curves for Wall Street Journal.

2. ZIPF’S LAW FOR ENGLISH AND IRISH 
CORPORA

The English corpus used in our experiments is the 
North American News Text corpus from the Linguistic 
Data Consortium 1 , size 489 million tokens with 
689,028 types, including Los Angeles Times & 
Washington Post for May 1994 - August 1997 of 
71,038,342 tokens and 253,774 types, New York 
Times News Syndicate for July 1994 - December 1996 
of 249,365,501 tokens and 461,068 types, Reuters 
News Service (General of 89,884,598 tokens and 
258,928 types & Financial of 25,173,907 tokens and 
122,555 types) for April 1994 - December 1996 and 
Wall Street Journal for July 1994 - December 1996 of 
54,308,157 tokens and 198,317 types. 

The Irish language is a highly-inflected Indo-European 
Celtic language. Both the beginning and end of words 
are regularly inflected; so it is very different from 
English. The Irish corpus used in our experiments is 
taken from a corpus of 17th and 18th century Irish from 
the Royal Irish Academy2 with sizes 7,122,537 tokens 
with 449,968 types.  

For pre-execution of the corpora in both languages, all 
numbers were replaced by the symbol #NO and 
punctuation marks were excluded. The characters  "=", 
"#", "~", "<", ">", "|", "+", "-", "^", "*", "@", "/" and 
"\", etc. were also ignored. Typographical errors, if 
any, appear in the hapax-legomenon (types which 
occur once only). 

                                                       
1 http://www.ldc.upenn.edu/
2 http://www.ria.ie

The curve for the large English corpus in Figure 2 
confirms the observation which we obtained previously 
with the  Wall Street Journal  corpus  that the Zipf 
curve falls below the straight-line Zipf curve  starting  
at about rank 5,000. For high ranks, the curve 
continues to bend downwards until the slope is close to 
-2. It then straightens out and maintains this slope to
the final rank of 689,028 (although there is an 
indication that it is just beginning to fall-off with a 
slightly bigger slope of about 2.2). A similar two-slope 
behaviour has previously been observed by Ferrer and 
Solé (2002). 
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FIG. 2 – Comparison of Zipf curves for English and 
Irish.

It is interesting to look at the word types that occur at
different parts of the Zipf curve. Some samples for 
rank close to 20, 200, 2,000, 20,000 and 200,000 are 
shown in Table 1. At rank 20, we have mostly the 
common stop words. At rank 200 are very common 
words found in newspaper (like WAR) and at rank 
2,000 appears less common but everyday words where 
the slope of the Zipf curve is still –1. At rank 20,000 
are some uncommon words and a few proper names; 
but at 200,000 where the slope is –2, we have mainly 
foreign words and place names. It is clear that this last 
set of words are fundamentally different from most of 
the other words and any theory explaining the slope of 
–2 needs to take account of their difference. 

Because of the numerous word inflections in Irish, the 
number of word types should be much larger than in 
English and the Zipf curve should behave differently. 
This is what is observed in Figure 2.  The Irish curve 
deviates from a straight-line Zipf curve at a larger rank, 
about 30,000 and then appears to have a second slope 
of about 1.3. A larger corpus is needed to find if it also 
has a slope of –2 for very large corpora. 
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TAB. 1 – The list of 20 words after rank r with frequency f for the English Zipf curve in Figure 2.

Frequency 
f 

Start at 
r=20 f 

Start at 
r=200 f 

Start at 
r=2,000 f 

Start at 
r=20,000 f 

Start at 
r=200,000 

2,688,370 BY 236,870 TOO 28,746 DECISIONS 1,003 DRIZZLE 8 TARTRE 

2,674,178 AT 235,169 AGO 28,706 CABINET 1,003 DIAPER 8 TARPENNING

2,259,799 FROM 234,470 WAR 28,685 WEAK 1,003 DELLA 8 TARNHELM 

2,158,633 BE 234,116 OWN 28,674 PALESTINIANS 1,003 CONSTRAINED 8 TARNATION

2,001,699 BUT 233,773 WHITE 28,662 VALLEY 1,002 WORKSTATION 8 TARMIZI 

1,996,465 HAVE 233,216 COURT 28,646 FILMS 1,002 STEAKS 8 TARKWA 

1,971,744 ARE 232,038 WANT 28,602 WORSE 1,002 POSTCARDS 8 TARITA 

1,907,215 HIS 231,361 MONTHS 28,592 GOD 1,002 ORCHESTRAS 8 TARASCO'S

1,881,251 HAS 227,897 PARTY 28,591 FOUNDATION 1,002 INTERSCOPE 8 TARANCON 

1,818,538 AN 225,756 BIG 28,553 OKLAHOMA 1,002 CHESTNUT 8 TARABINI 

1,626,805 NOT 225,097 SHARE 28,472 ASKING 1,001 SWIPE 8 TAPROOTS 

1,575,828 THEY 221,770 SERVICE 28,459 SPOKE 1,001 SINCERELY 8 TAPPET 

1,561,028 WILL 221,567 LITTLE 28,453 CAROLINA 1,001 REUNITE 8 TAPPA 

1,526,859 DOLLARS 221,352 AMONG 28,389 RETURNS 1,001 RELIC 8 TAPLITZ 

1,489,997 THIS 220,063 DAYS 28,376 ALLOWING 1,001 PAIRING 8 TANTOCO 

1,472,057 WHO 218,961 SAME 28,355 UNCHANGED 1,001 PAINSTAKING 8 TANKLIKE 

1,347,855 NEW 217,311 ME 28,305 MACHINE 1,001 OLIN 8 TANGNEY 

1,336,479 ITS 216,926 FRIDAY 28,301 CLOSELY 1,001 MASSE 8 TANGA 

1,331,121 I 216,589 AROUND 28,295 WATCHING 1,001 MARTYRS 8 TANEYTOWN

1,296,199 HAD 215,811 LIFE 28,272 CONTACT 1,001 INCRIMINATING 8 TANASESCU

The proportion of distinct proper name types is higher 
in the huge English news data than in the smaller Irish 
corpus. It is probably not a language-related issue, but 
related to corpus sources and size. 

3. TYPE-TOKEN RELATIONSHIP

In 1967, Booth investigated the number of types 
derived from Zipf’s law. He pointed out that if p(r) is 
the probability of the word of rank r and T is the text 
corpus size, then the number of occurrences of the 
word of rank r is the frequency f = Tp(r). Zipf (1938) 
stated that a word would occur once if 

( ) 5.05.1 ≥> rTp (3)

Applying Zipf ’s law f = k/r, where k is a constant we 
get 

5.05.1 ≥> f (4)

So if N is the highest rank of any word in the corpus 

then 
2

1=
N

k
. So 

2

N
k = .              (5) 

Booth ‘s derivation is correct only for small-sized texts 
not large corpora then needs a further improvement. 

In 1985, Smith and Devine used the same logic to 
investigate the token-type distribution and proposed the 
integral 

�
=

N
dr

r

k
T

2

1

for Zipf’s law.      (6) 

Equation (6) was solved as 

( )NNT 2ln
2

1≅
  

(7)

The comparison of the token-type distribution for 
English and Irish languages and the Smith-Devine 
prediction are shown in Figure 3. Its failure with large 
corpora is clear. 
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FIG. 3 – Tokens/Types on observed English and Irish 
words and Smith-Devine law. 
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The Smith-Devine prediction fits better for the 
distributions of the highly inflected Irish language 
which have more word types because of inflections. 

Enhancement of Smith-Devine law 

To be more accurate than Equation (6), we can make 
the sum directly from Zipf’s law ������ ++++=

N
kT

1
...

3

1

2

1
1

(8)

The sum of this series is well-known and is given by 

( ) ( )γγ +≅+= N
N

NkT ln
2

ln
(9)

where γ = Euler ‘s constant = 0.577. Equation (7) is 
wrong by ~ 0.11k. Now it is convenient to write � +

= 2

1
N

dr
r

k
T

α

(10)

��	
�� +≅
α
1

lnln Nk for large N, 
(11)

where 
γ

α
=1

ln
(12)

In an extended form of the type-token relationship, we 
break the integral into two parts from α to N0 , the type 
number where the curve begins to turn down and from 
N0 to N where it is assumed the slope is –2. So 
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where k1 and k2 are constants. Now noting that  for the 

last rank N, f = 
2

1
; so, 

2

1
2

2 =
N

k
 or  

2

2

2

N
k = . 

At the rank r = N0, the two curves join. So 

2
0

2

0

1

N

k

N

k =    �     
0

2

0

2
1 2N

N

N

k
k ==

(14)

Integrating and substituting for k, k1 and k2, we find 

( )

( )���
���
�

�

≥�������� −++

≤+

≅

0
0

2

0
0

2

0

11

2
ln

2

,ln
2

NNif
NN

N
N

N

N

NNifN
N

T

γ

γ (15)

This is the extended law. To test this we compare it 
with the results of experiments on the English and Irish 
corpora in Figure 4 and Figure 5 with N0 = 5,000 for 
English and N0 = 30,000 for Irish.  

Also it would be interesting to withdraw randomly 
paragraphs from the Wall Street Journal to form an 
English corpus of 7 million words of similar epoch and 
content than the Irish corpus, we then put its result in 
Figure 6. 
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FIG. 4 – Two-slope law for Smith-Devine prediction on 
English. 
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FIG. 5 – Two-slope law for Smith-Devine prediction on 
Irish.
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FIG. 6 – Two-slope law for Smith-Devine prediction on 
English corpus of 7 million words.

A comparison between the number of tokens calculated 
by the extended law and the correct number for 
different types is given in Figure 4, Figure 5 and Figure 
6. Reasonable agreement is obtained. 

4. CONCLUSIONS

We have shown that for a very large corpus the Zipf 
curve for English has two slopes, β = 1 for rank less 
than 5,000 and β = 2 for rank above 5,000. The curve 
for Irish, an inflected language, is flatter with a slope of 
–1 until a rank of about 30,000. An extended law for 
the type-token relationship is derived and tested. 
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