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Abstract

Recently several authors have proposed stochastic models of the growth of the Web graph that give rise to power-

law distributions. These models are based on the notion of preferential attachment leading to the ‘‘rich get richer’’

phenomenon. However, these models fail to explain several distributions arising from empirical results, due to the fact

that the predicted exponent is not consistent with the data. To address this problem, we extend the evolutionary model

of the Web graph by including a non-preferential component, and we view the stochastic process in terms of an urn

transfer model. By making this extension, we can now explain a wider variety of empirically discovered power-law

distributions provided the exponent is greater than two. These include: the distribution of incoming links, the dis-

tribution of outgoing links, the distribution of pages in a Web site and the distribution of visitors to a Web site. A

by-product of our results is a formal proof of the convergence of the standard stochastic model (first proposed by

Simon). � 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

A power-law distribution is a function of the
form

f ðiÞ ¼ Ci�s;

where C and s are positive constants. Power-law
distributions are scale-free in the sense that if i is
rescaled by multiplying it by a constant, then f ðiÞ
would still be proportional to i�s.

Power-law distributions are abundant, for ex-
ample Zipf’s law [21], which states that relative
frequency of words in a text is inversely propor-

tional to their rank, and Lotka’s law [19], which is
an inverse square law stating that the number of
authors making n contributions is proportional to
n�2. (We refer the reader to [22] for more examples
of power-law distributions.)

Recently several researchers have detected
power-law distributions in the Internet [10] and
World-Wide Web [6,7] topologies. In order to un-
derstand how these power-law distributions emerge
and how the Web has evolved and is evolving,
several researchers have recently been studying
stochastic models of graphs which give rise to such
distributions. One particular power-law phenom-
enon that has attracted attention is the distribution
of incoming links to a Web page. This distribution
is important, since a link from Web page P to Web
page Q can be viewed as a recommendation of
page Q; thus Web pages having more incoming
links are more highly recommended and therefore

Computer Networks 39 (2002) 277–287

www.elsevier.com/locate/comnet

*Corresponding author.

E-mail addresses:mark@dcs.bbk.ac.uk (M. Levene), trevor@

dcs.bbk.ac.uk (T. Fenner), george@dcs.bbk.ac.uk (G. Loizou),

richard@dcs.bbk.ac.uk (R. Wheeldon).

1389-1286/02/$ - see front matter � 2002 Elsevier Science B.V. All rights reserved.

PII: S1389-1286 (02 )00209-8



potentially of higher quality. This observation is
the basis of Google’s PageRank algorithm [12].

Albert et al. [1] studied a stochastic model of
growth and preferential attachment, where new
links to existing Web pages are added in propor-
tion to the number of incoming links these Web
pages already have. Their theoretical model pre-
dicts an exponent s ¼ 3, which is not in agreement
with the value of approximately 2.1 obtained from
the study reported in [6]. Dorogovtsev et al. [8]
generalise Albert et al.’s model and predict an
exponent greater than two. More precisely, they
obtain the value 2þ A=m for the exponent, where
A is the initial attractiveness of a newly created
Web page and m is the number of new links added
to the Web graph at each step of the stochastic
process. This exponent value is consistent with the
empirical value of the exponent of the distribution
of incoming links provided A=m is sufficiently
small. Bornholdt and Ebel [5] pointed out that the
stochastic process proposed by Simon [23] in 1955
can also offer an explanation of the power-law
distribution. (We note that during the period of
1959–1961 there was a fierce debate between
Mandelbrot and Simon in Information and Control
on the validity of Simon’s model [17].) In reply to
Bornholdt and Ebel, Dorogovtsev et al. [9] note
that the model they describe in [8] essentially co-
incides with Simon’s model.

The models discussed above are based on the
process of preferential attachment and do not take
into account the fact that links may also be added
or removed randomly through a non-preferential
process. By this we mean that the probability of
adding or removing a link to a particular Web
page may be influenced by factors other than the
popularity of that Web page, where popularity is
measured by the number of incoming links. Our
main contribution in this paper is to extend
Simon’s model [23] with a non-preferential com-
ponent and view the stochastic process in terms of
an urn transfer model [13]. (We note that, at the
end of Section 3 of his seminal paper, Simon
suggested adopting a mixture of preferential and
non-preferential components but did not develop
the idea.) By making this extension we can ex-
plain a wider variety of empirically discovered
power-law distributions than can be explained

with Simon’s original model. These include: the
distribution of incoming links, the distribution
of outgoing links, the distribution of pages in a
Web site and the distribution of visitors to a Web
site.

The rest of the paper is organised as follows. In
Section 2 we present an urn transfer model that
generalises Simon’s original model. In Section 3 we
demonstrate how this can provide a stochastic
model for the evolution of the Web that is con-
sistent with a wide range of empirical data. Fi-
nally, in Section 4 we give our concluding remarks.
The proofs of some of the mathematical results are
given in Appendix A. As far as we are aware, our
convergence proof given in Appendix A is the first
formal proof validating Simon’s model––it does
not rely on the mean-field theory approach, as for
example in [4].

2. An urn transfer model

We now present an urn transfer model [13] for
a stochastic process that we will use in Section 3
to analyse the evolution of the Web graph. Our
model is an extension of Simon’s stochastic pro-
cess [23], which was originally described in terms
of the underlying process leading to the distribu-
tion of words in a piece of text. Simon’s stochastic
process is essentially a birth process, where there is
a constant probability p that the next word is a
new word and, given that the next word has al-
ready appeared, its probability of occurrence is
proportional to the previous number of occur-
rences of that word. We extend Simon’s model by
setting the probability of occurrence of a word,
given that it has already appeared, to be a weigh-
ted average of the preferential probability, as de-
scribed above, and the uniform probability if all
words were equiprobable. As we noted in the in-
troduction, this extension was already proposed by
Simon at the end of Section 3 of his paper. Simon
set out this extension in Eq. (3.7) and presented a
tentative solution in Eq. (3.8). As we will see in
Section 3, our extension of Simon’s model makes
sense in the context of the Web, since, for example,
links to a Web site are often added or removed in a
random fashion without taking into consideration
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the ‘‘attractiveness’’ of the site in terms of how
many links it already has. In our urn model, urns
contain balls which have pins attached to them.
For example, balls could represent Web pages and
pins could represent inlinks or outlinks. An urn
would then correspond to the set of Web pages
having a specific number of links. We now describe
our urn model in detail.

We assume a countable number of urns, urni,
i ¼ 1; 2; 3; . . ., where each ball in urni has i pins
attached to it. Initially, at stage k ¼ 1 of the sto-
chastic process, all the urns are empty except urn1
which has one ball in it. Let FiðkÞ be the number of
balls in urni at stage k of the stochastic process, so
F1ð1Þ ¼ 1, and let p and a be parameters, with
0 < p < 1 and a > �1. 1 Then, at stage k þ 1 of
the stochastic process for k P 1, one of two things
may occur:

i(i) with probability pkþ1, where

pkþ1 ¼ 1� ð1� pÞ
Pk

i¼1 ðiþ aÞFiðkÞ
kð1þ apÞ þ að1� pÞ ; ð1Þ

a new ball is added to urn1 (provided that 06
pkþ1 6 1) or,

(ii) with probability 1� pkþ1, an urn is selected
�urni being chosen with probability

ð1� pÞðiþ aÞFiðkÞ
kð1þ apÞ þ að1� pÞ ; ð2Þ

for 16 i6 k; then one ball from urni is trans-
ferred to urniþ1. This is equivalent to attaching
an additional pin to the ball chosen from urni

and moving it to its ‘‘correct’’ urn. The proba-
bility (2) is a combination of a preferential
component (proportional to the number of
pins in urni) and a non-preferential component
(proportional to the number of balls in urni).
(We note that the denominator appearing in
(1) and (2) has been chosen so that the ex-
pected value of pkþ1, the probability of adding
a ball, is p; see (8) below.)

At each stage we either add a new ball with one
pin or add a pin to an existing ball and move the
ball to the next urn up, so at stage k the total
number of pins is k, i.e.,

Xk
i¼1

iFiðkÞ ¼ k:

It is obvious that FiðkÞ ¼ 0 for any i > k. We
call the above model the pk-model.

Let BðkÞ ¼
P

i FiðkÞ, the total number of balls in
all the urns. We can now simplify (1) to

pkþ1 ¼ 1� ð1� pÞðk þ aBðkÞÞ
kð1þ apÞ þ að1� pÞ : ð3Þ

Since it is clear from (3) that pkþ1 < 1, in order
for pkþ1 to be well defined, we must have pkþ1 P 0
for kP 1, i.e.,

ð1� pÞðk þ aBðkÞÞ6 kð1þ apÞ þ að1� pÞ: ð4Þ
In Appendix A we show that pkþ1 is always well
defined (i.e. non-negative) for all k when pP 1=2,
but only if

a6
p

1� 2p
ð5Þ

when p < 1=2. In the discussion at the end of
Section 3 we suggest that, in practice, starting from
a typical initial configuration of balls in the urns, it
is likely that pkþ1 will be well defined for all k, even
if (5) does not hold.

We next make a small digression to explain our
use of (2) rather than the more natural definition
of the probability as

ð1� pÞðiþ aÞFiðkÞPk
i¼1 ðiþ aÞFiðkÞ

¼ ð1� pÞðiþ aÞFiðkÞ
k þ aBðkÞ : ð6Þ

In order to find a solution for the expected
value of FiðkÞ, we would need to take the expected
value of (6); this is problematic since the random
variables BðkÞ and FiðkÞ are not independent and it
is therefore not clear how to calculate the expec-
tation of the right-hand expression in (6). We ob-
serve that this problem does not arise in Simon’s
original model [23], since in this case we have a ¼ 0
and the denominator reduces to the constant k
in both (2) and (6). In our case, when a is not
necessarily zero, by using (2) instead of the more
natural (6), there is no problem in computing the

1 The reader should note that in [23] the quantity a
corresponds to our parameter p.
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expectation of FiðkÞ, since the parameter p is a
constant, allowing us to find the expected value of
(2) by using the linearity of expectations.

In Appendix A we prove the following re-
sults for the expectations of BðkÞ and pk for k > 1,
namely

EðBðkÞÞ ¼ E
Xk
i¼1

FiðkÞ
 !

¼ 1þ ðk � 1Þp ð7Þ

and

EðpkÞ ¼ p: ð8Þ
(We note that EðBð1ÞÞ ¼ Bð1Þ ¼ 1.)

Thus, in terms of expectations (i.e., using a
mean-field theory approach), it is possible to de-
scribe the urn transfer model as a ‘‘more natural’’
stochastic process, where at each stage k, for k > 1,
either

i(i) a new ball is inserted into urn1 with probabi-
lity p, or

(ii) with probability 1� p an urn is chosen, the
probability of choosing urni being propor-
tional to ðiþ aÞFiðkÞ, and then one ball from
urni is transferred to urniþ1.

We stress that, since this model uses the ex-
pectations of the random variables pkþ1 rather
than the random variables themselves, it is only an
approximation of our urn transfer model. This
model, which we call the p-model, is in fact the
‘‘more natural’’ model discussed above that uses
(6) instead of (2).

We note that we could modify the initial con-
dition of our stochastic process so that, for exa-
mple, urn1 would initially contain d > 1 balls
instead of one, or more generally that a finite
number of urns would initially be non-empty with
some prescribed number of balls in each. As can be
seen from the development of the model below, as
k tends to infinity, such a change in the initial
conditions will not have an effect on the asymp-
totic distribution of the balls in the urns.

We call the transfer of a ball as a result of (ii)
above a mixture of preferential and non-pref-
erential transfer. When a ¼ 0, then the transfer
is purely preferential otherwise non-preferential
transfer takes a part in the process.

Following Simon [23], we now state the equa-
tions for the pk-model. For i > 1 (including i > k),
we have

EkðFiðk þ 1ÞÞ
¼ FiðkÞ þ bk ðið � 1þ aÞFi�1ðkÞ � ðiþ aÞFiðkÞÞ;

ð9Þ
where EkðFiðk þ 1ÞÞ is the expected value of
Fiðk þ 1Þ given the state of the model at stage k,
and

bk ¼
1� p

kð1þ apÞ þ að1� pÞ ;

the normalising constant used in (2).
Eq. (9) gives the expected number of balls in

urni as the previous number of balls in that urn
plus the difference between the probability of in-
creasing the number of balls in urni, which is equal
to the probability of choosing urni�1 in step (ii) of
our urn transfer model, and the probability of
decreasing the number of balls in urni, which is
equal to the probability of choosing urni.

In the boundary case, i ¼ 1, we have

EkðF1ðk þ 1ÞÞ ¼ F1ðkÞ þ pkþ1 � bkð1þ aÞF1ðkÞ;
ð10Þ

which gives the expected number of balls in urn1,
which is the previous number of balls in the first
urn plus the difference between the probability of
inserting a new ball in urn1 and the probability of
transferring a ball from urn1 to urn2.

Now letting

b ¼ 1� p
1þ ap

;

we see that kbk � b for large k. In fact, for kP 1,

b � kbk ¼ abbk: ð11Þ
Using the facts that 0 < p < 1 and a > �1, it is

also easy to see that

0 < b < 1; ð12Þ
and, for k P 1,

0 < bk <
1

k þ a
: ð13Þ

Since the right-hand sides of (9) and (10) are
linear in the random variables, using (8), we may
take expectations to obtain
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EðFiðk þ 1ÞÞ ¼ EðFiðkÞÞ þ bk ðið � 1þ aÞEðFi�1ðkÞÞ
� ðiþ aÞEðFiðkÞÞÞ ð14Þ

for i > 1, and

EðF1ðk þ 1ÞÞ ¼ EðF1ðkÞÞ þ p � bkð1þ aÞEðF1ðkÞÞ:
ð15Þ

In order to solve Eqs. (14) and (15), we show
that EðFiðkÞÞ=k tends to a limit fi as k tends to
infinity. If this is the case, then bkEðFiðkÞÞ tends to
bfi as k tends to infinity. Moreover, provided the
convergence is fast enough, EðFiðk þ 1ÞÞ � EðFiðkÞÞ
will tend to fi as k tends to infinity, and we can use
this to obtain the value of fi. So, letting k tend to
infinity, in the limit (14) and (15) would yield

fi ¼ b ðið � 1þ aÞfi�1 � ðiþ aÞfiÞ ð16Þ
for i > 1, and

f1 ¼ p � bð1þ aÞf1: ð17Þ
Now let us define fi, iP 1, by the recurrence

relation (16) with boundary condition (17).Wemay
then let

EðFiðkÞÞ ¼ kðfi þ �i;kÞ; ð18Þ
and in Appendix A we prove that �i;k tends to zero
as k tends to infinity. This justifies our claim that
EðFiðkÞÞ=k tends to fi as k tends to infinity. We
therefore see that fi is the asymptotic expected rate
of increase of the number of balls in urni.

From (16) and (17) we obtain

fi ¼
bði� 1þ aÞ
1þ bðiþ aÞ fi�1 ð19Þ

and

f1 ¼
p

1þ bð1þ aÞ ; ð20Þ

respectively.
Now, on repeatedly using (19), we get

fi ¼
qpð1þ aÞð2þ aÞ � � � ði� 1þ aÞ

ð1þ q þ aÞð2þ q þ aÞ � � � ðiþ q þ aÞ

¼ qpCðiþ aÞCð1þ q þ aÞ
Cð1þ aÞCðiþ 1þ q þ aÞ ; ð21Þ

where q ¼ 1=b and C is the gamma function [3,
6.1].

It follows that for large i, on using Stirling’s
approximation [3, 6.1.39], we have

fi � Ci�ð1þqÞ; ð22Þ
where C is independent of i and � means is as-
ymptotic to. Thus we have derived in (22) a general
power-law distribution for fi, with exponent 1þ q.
An obvious consequence of (19) is that fi > fiþ1,
i.e., asymptotically there are more balls in urni

than in urniþ1.
It follows from (6)–(8) that (16) and (17) will

also hold for the asymptotic distribution for the
p-model obtained using the mean-field theory ap-
proach. Hence, on the assumption that this ap-
proach is valid, the asymptotic distribution will be
the same as for the pk-model, as given by (21) and
(22).

When a ¼ 0 then the extended model reduces to
Simon’s original model and by increasing a the
exponent will increase accordingly. In any case the
exponent is always greater than 2, so the expected
number of pins per ball is finite. The constraint
that q > 1 is equivalent to the condition that a >
�1. Another way to understand this constraint is
that if a6 � 1 then the first urn will never be
chosen in case (ii) of the stochastic process, and
thus no ball will ever be transferred out of urn1.
When q is close to 1 we obtain Lotka’s law [19],
which is an inverse square power-law; see also
Price’s cumulative advantage distribution leading
to Lotka’s law [14,20].

In many real situations, such as the Web, p is
generally small. For example, if we interpret balls
as Web pages and the number of pins attached to a
ball as the number of links incoming to that Web
page, then we expect the ratio of pages to links to
be quite small, say 0.1, and thus the exponent of
the power-law to be just over two. If the value of p
and the power-law exponent are obtained from
empirical evidence, we may find a discrepancy
from Simon’s original model, i.e., when a ¼ 0. Our
current extension can explain this discrepancy
through the non-preferential component as long as
the exponent is greater than two.

3. A model for the evolution of the Web

We now describe a discrete stochastic process
by which the Web graph could evolve. At each

M. Levene et al. / Computer Networks 39 (2002) 277–287 281



time step the state of the Web graph is a directed
graph G ¼ ðN ;EÞ, where N is its node set and E is
its link set. In this case FiðkÞ, iP 1, is the number
of nodes in the Web graph having i incoming links;
FiðkÞ induces an equivalence class of nodes in N all
having i incoming links. We note that although we
have chosen i to denote the number of incoming
links, i could alternatively denote the number of
outgoing links, the number of pages in a Web site
or any other reasonable parameter.

Consider the evolution process of the Web
graph with respect to the number of nodes having i
incoming links at the kth step of the process. Ini-
tially G contains just a single node. At each step
one of two things can happen. With probability p
a new node is added to G having one incoming
link. In the p-model, this is equivalent to placing a
new ball in urn1. With probability 1� p a node is
chosen to receive a new incoming link, with the
probability of choosing a given node being pro-
portional to ðiþ aÞ, where i is the number of
incoming links the node currently has. In the
p-model this is equivalent to a mixture of prefer-
ential and non-preferential transfer of a ball from
urni to urniþ1; the mixture level depends on the
value of the parameter a.

When a ¼ 0 a node is chosen according to
preferential attachment, i.e., in proportion to the
number of inlinks to that node. In this case the
number of inlinks to a Web page could be inter-
preted as a measure of how important or recom-
mended the Web page is. A situation when a > 0
might occur if there is a choice of Web pages to
link to and the actual decision of which links are
put in place has a random component. For ex-
ample, if we were to add several links to Web
pages pertaining to Zipf’s law to our Web site, we
might randomly choose them from a resource
containing hundreds of such links. A situation
when a < 0 might occur if we consider internal
links within Web pages not to be relevant when
measuring the distribution of inlinks to Web
pages. The justification for this view is that inter-
nal links do not contribute to the external ‘‘visi-
bility’’ of a Web page.

We now look at some of the measurements of
the Web graph that have been reported recently.
Broder et al. [6] reported a power-law distribution

with exponent 2.09 for the number of incoming
links (referred to as inlinks) to a node. This value
was derived from a 203 million node crawl of the
Web graph. The average number of inlinks per
Web page was measured at about 8 [16], which
gives us a value of 0.125 for p. We can compute a
by

a ¼ qð1� pÞ � 1

p
:

Thus a more accurate model of the stochastic
process generating the distribution of incoming
links would assume a � �0:37 rather than a ¼ 0.
(It would not be unreasonable in this case to as-
sume Simon’s model, i.e., a ¼ 0, which would give
an exponent of 2.14, since the small difference in
the exponents may be due to statistical error.)

Looking at the outgoing links (referred to as
outlinks) from a node, Broder et al. [6] reported
a power-law distribution with exponent 2.72.
Moreover, the average number of outlinks per
Web page was measured at about 7.2 [15], which
gives a value of 0.14 for p. Thus to get an exponent
of 2.72 we would have to assume a � 3:42. How-
ever, Simon’s original model would predict an
exponent of about 2.16 for outlinks, similar to that
for inlinks. The positive value of a may have oc-
curred due to the fact that outlinks are often
created for reasons other than preferential
attachment, for example, in order to maintain the
local structure of a Web site.

Another interpretation of i is the number of
pages within Web sites (referred to as Webpages).
In this case, Huberman and Adamic [11] reported
a power-law distribution with exponent 1.85, de-
rived from a 250,000 Web site crawl. Our model
cannot explain this observation as the exponent is
less than two. A more recent result from a private
communication with Adamic reported an expo-
nent of 2.2, derived from a 1.6 million Web site
crawl; the difference is possibly due to a different
crawling strategy. To calculate p we can esti-
mate the size of the Web to be 2.1 billion pages
[18] distributed over approximately 113.5 million
Web sites (this number, which was reported on
www.netsizer.com during the first quarter of 2001,
refers to the number of Internet hosts, so it is an
over-estimate of the number of Web sites). Thus
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we can derive a value 0.054 for p; in reality p will
be even closer to zero. To get an exponent of 2.2
we would have to assume a � 2:50. This gives a
more accurate description than we would obtain
from Simon’s original model, which would predict
an exponent of 2.06. The positive value of a may
have occurred due to the fact that pages in a Web
site may be created in different ways, for example,
pages may be created dynamically by a content
management system. This may tend to increase
the number of pages by adding certain generated
pages.

As a final interpretation, let i be the number of
users visiting a Web site during the course of a day
(referred to as visitors). In this case, Adamic and
Huberman [2] reported a power-law distribution
with exponent 2.07, derived from access logs of
60,000 AOL users accessing 120,000 Web sites.
Now, from www.netsizer.com we obtain the
statistic that in the USA there were 72.7 million
Internet hosts and 166.6 million users at the
beginning of 2001. Moreover, from www.net-
value.com we obtain the statistic that, on average,
users visit about 1.93 different Web sites per
day. So, we derive the value 72:7=ð166:6	 1:93Þ �
0:226 for p, on the assumption that each Web site
gets visited at least once per day. Thus to get an
exponent of 2.07 we would have to assume a �
�0:76. However, Simon’s original model would
predict an exponent of about 2.29. The negative
value of a may have occurred due to the fact that
some visitors to a Web site may tend to avoid well-
trodden sites which may have too much commer-
cial content.

In order to validate our model, we programmed
a simulation of the stochastic model using the
parameter values we have derived for p and a and
compared the exponent values obtained with the
reported empirical values. (Our simulation is in the
spirit of Simon and Van Wormer’s Monte Carlo
simulation, whose intention was to test how good
the estimates of the original model are [24].) We
repeated the simulation five times using the pk-
model, and five times using the p-model. Each
simulation was carried out for 200,000 iterations,
and for the purpose of regression we considered
only the first 25 urns. The results of our simula-
tions are presented in Table 1; in all cases the

correlation coefficient of the regression analysis
was close to one. The discrepancy between the
simulated values and the empirical values can be
attributed in part to the fact that (22) is only an
asymptotic approximation to (21). It is also pos-
sible that running the simulations for a much lar-
ger number of iterations would give more accurate
results.

For outlinks and Webpages we restarted the pk-
model simulation whenever the computed value of
pkþ1 was ill-defined, i.e., negative; only a moderate
number of restarts were necessary. From (3) it can
be shown that, for k > 1, jpkþ1 � pkj is of the order
of 1=k. This indicates that for large k it is very
unlikely that pkþ1 will be ill-defined, given that pj is
well defined for j6 k. In practice, if instead of
starting with just one ball in urn1, we start from a
typical initial configuration with a modest number
of balls in the urns, it is likely that pkþ1 will be well
defined for all k.

To illustrate this point, let us now examine
more closely the situation regarding restarts for
outlinks, rounding off p to be 0.15 and a to be 3.5.
It can be verified that the probability that p3 be
ill-defined is 0.15, that p4 be ill-defined is about
0.1905, that p5 be ill-defined is about 0.1769 and
that p6 be ill-defined is 0. Thus the total probability
of pk being ill-defined for k6 6 is about 0.5174.
Table 2 shows the values of a simulation where the
pk-model was run 1000 times in batches of 100 runs
each. Whenever pk was ill-defined for a given run,
this run was considered to be a restart and the
simulation moved on to the next run. The second
column shows the numbers of restarts within the
batch, the third column shows the percentage of
the restarts observed with pk ill-defined for k6 10,
the fourth column shows the average stage at
which the restarts became ill-defined and the fifth
column shows the maximum stage at which any
restart became ill-defined. Thus, if the process is

Table 1

Power law exponents of simulation results

Interpretation Empirical pk-model p-model

inlinks 2.09 2.096 2.094

outlinks 2.72 2.714 2.675

Webpages 2.2 2.122 2.208

visitors 2.07 2.131 2.179
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well defined for, say, 50 or more stages, it is very
unlikely to become ill-defined at a later stage.

4. Concluding remarks

We have extended Simon’s classical stochastic
model by adding to it a non-preferential com-
ponent which is combined with preferential at-
tachment. When viewing this stochastic process in
terms of an urn transfer model, this amounts to
choosing balls proportional to the number of times
they have previously been selected (i.e., the num-
ber of pins) plus a constant a > �1. From the
equations of this process we derived an asymptotic
formula for the exponent of the resulting power-
law distribution. As far as we are aware our proof
given in Appendix A is the first formal proof of the
convergence of Simon’s model; unlike in previous
work, we do not rely on the mean-field theory
approach.

Utilising our result we are able to explain sev-
eral power-law distributions in the Web graph,
which we now summarise. For the distribution of
incoming links we derived a � �0:37, for the dis-
tribution of outgoing links we derived a � 3:42,
for the distribution of pages in a Web site we de-
rived a � 2:50 and, finally, for the distribution of
visitors to a Web site we derived a � �0:76. In all
cases our extension of Simon’s original model can
better explain the exponent of the power-law dis-
tribution, indicating that there is some mixture of
preferential and non-preferential attachment in the
selection process.

The power law distribution that we have
established can be stated as a hypothesis: in order to
explain the evolution of the Web graph both pref-
erential and non-preferential processes are at work.
This hypothesis is more consistent with empirical
data than the one which utilises only preferential
attachment. Our model is still limited to the cases
where the exponent of the power-law distribution
is greater than two. We are currently investigating
a possible model which could yield an exponent
less than two.

Appendix A. Proofs

We first prove (7) and (8). Since at stage k þ 1
we add a new ball with probability pkþ1,

EkðBðk þ 1ÞÞ ¼ BðkÞ þ pkþ1;

so, taking expectations,

EðBðk þ 1ÞÞ ¼ EðBðkÞÞ þ Eðpkþ1Þ: ðA:1Þ

Lemma A.1. For k > 1,

EðBðkÞÞ ¼ E
Xk
i¼1

FiðkÞ
 !

¼ 1þ ðk � 1Þp ðA:2Þ

and

EðpkÞ ¼ p: ðA:3Þ

Proof. We prove the result by induction on k. For
k ¼ 2, remembering that Bð1Þ ¼ 1 and using (3), it
is easy to see that p2 ¼ p, and thus, by using (A.1),
that

EðBð2ÞÞ ¼ 1þ Eðp2Þ ¼ 1þ p:

Now assume that (A.2) and (A.3) hold for some
k, k > 1. Then,

Eðpkþ1Þ ¼ 1� ð1� pÞðk þ aEðBðkÞÞÞ
kð1þ apÞ þ að1� pÞ

¼ 1� ð1� pÞðk þ að1þ ðk � 1ÞpÞÞ
kð1þ apÞ þ að1� pÞ ¼ p

and thus, using (A.1),

EðBðk þ 1ÞÞ ¼ 1þ ðk � 1Þp þ p ¼ 1þ kp: �

We now consider condition (4), needed for pkþ1
to be well defined.

Table 2

Statistics for restarts, with p ¼ 0:15 and a ¼ 3:5

Batch Overall k6 10 Average k Max k

1 66 89% 3.78 21

2 63 90% 3.86 26

3 63 90% 3.34 13

4 60 88% 3.68 30

5 63 90% 3.73 22

6 65 92% 3.49 22

7 61 92% 3.50 17

8 64 94% 3.54 22

9 64 86% 4.19 34

10 59 92% 3.49 21

Average 63 90% 3.66 23
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Lemma A.2. pkþ1 is always well defined (i.e., non-
negative) for all k when pP 1=2, but only if

a6
p

1� 2p

when p < 1=2.

Proof. In order that pkþ1 P 0, condition (4) must
hold. This is equivalent to

aðBðkÞ � 1Þ6 kpð1þ aÞ
1� p

: ðA:4Þ

There are three cases to consider:

II(I) When a ¼ 0, there are no restrictions on p.
I(II) When �1 < a < 0, it is straightforward to see

that again there are no restrictions on p since,
in this case, the maximum value of the left-
hand side of (A.4) is zero, when BðkÞ ¼ 1.

(III) When a > 0, we see from (A.4) that we must
have

pP
aðBðkÞ � 1Þ

aðBðkÞ � 1Þ þ kð1þ aÞ :

Setting BðkÞ to its maximum value k, this re-
quires that

pP
aðk � 1Þ

að2k � 1Þ þ k
; ðA:5Þ

which will hold for all k provided

pP
a

2a þ 1
;

in particular, this holds for all a when pP 1=2.
However, for p < 1=2, for (A.5) to hold for all k
we need

a6
p

1� 2p
: �

We conclude by proving that as k tends to in-
finity EðFiðkÞÞ=k tends to fi, justifying our deriva-
tion of the asymptotic distribution of the balls
in the urns. We first state some useful properties of
fi, which may be verified directly using (16) and
(17).

Lemma A.3.

I(I) For all iP 1, 0 < fi < 1 and fi > fiþ1.
(II)

P1
i¼1 fi ¼ p and

P1
i¼1 ifi ¼ 1. �

Theorem A.4. For all iP 1,

lim
k!1

EðFiðkÞÞ
k

¼ fi:

Proof. Using (18) to rewrite (14) and (15), we ob-
tain, for i > 1,

ðk þ 1Þðfi þ �i;kþ1Þ ¼ kðfi þ �i;kÞ
þ kbkði� 1þ aÞðfi�1 þ �i�1;kÞ
� kbkðiþ aÞðfi þ �i;kÞ ðA:6Þ

and, for i ¼ 1,

ðk þ 1Þðf1 þ �1;kþ1Þ ¼ kðf1 þ �1;kÞ
� kbkð1þ aÞðf1 þ �1;kÞ þ p:

ðA:7Þ

Eqs. (16) and (17) may be written in a similar
form as

ðk þ 1Þfi ¼ kfi þ bði� 1þ aÞfi�1 � bðiþ aÞfi
ðA:8Þ

and

ðk þ 1Þf1 ¼ kf1 � bð1þ aÞf1 þ p: ðA:9Þ
For i > 1, subtracting (A.8) from (A.6) yields

ðk þ 1Þ�i;kþ1 ¼
k�i;k þ kbkði� 1þ aÞ�i�1;k � kbkðiþ aÞ�i;k
þ ðkbk � bÞ ðið � 1þ aÞfi�1 � ðiþ aÞfiÞ:

Using (16) and (11) this simplifies to

ðk þ 1Þ�i;kþ1 ¼ 1ð � bkðiþ aÞÞk�i;k
þ bkði� 1þ aÞk�i�1;k � abkfi:

ðA:10Þ

Similarly, for i ¼ 1, subtracting (A.9) from
(A.7) and using (11), we obtain

ðk þ 1Þ�1;kþ1 ¼ 1ð � bkð1þ aÞÞk�1;k
þ abbkð1þ aÞf1: ðA:11Þ

From (A.10), by virtue of (13) and the fact that
fi < 1, we have, for 1 < i6 k,

ðk þ 1Þj�i;kþ1j6 1ð � bkðiþ aÞÞkj�i;kj
þ bkði� 1þ aÞkj�i�1;kj þ jajbk:

ðA:12Þ
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From (18) it follows that �i;k ¼ �fi for i > k, so
for i ¼ k þ 1 Eq. (A.10) becomes

ðk þ 1Þ�kþ1;kþ1 ¼ bkðk þ aÞk�k;k
� fkþ1 k 1ðð � bkðk þ aÞÞ � kbk þ abkÞ: ðA:13Þ

It follows that

ðk þ 1Þj�kþ1;kþ1j6 bkðk þ aÞkj�k;kj

þ fkþ1 k 1ðð � bkðk þ aÞÞ þ kbk þ jajbkÞ:

Using (11) to substitute for bk, this gives

ðk þ 1Þj�kþ1;kþ1j6
bðk þ aÞkj�k;kj

k þ ab

þ fkþ1
k þ ab

k2ð1
�

� bÞ þ kb þ jajb
�

6
bðk þ aÞkj�k;kj

k þ ab
þ k
k þ ab

1ð þ jajÞ; ðA:14Þ

since kP 1, b < 1, and kfkþ1 < 1 by Lemma
A.3(II). We now define

dk ¼ max
iP 1

j�i;kj ¼ max
16 i6 kþ1

j�i;kj: ðA:15Þ

(The two maxima are equal since �i;k ¼ �fi for
i > k, and fi is monotonic decreasing.)

On using (A.15), inequality (A.12) yields

ðk þ 1Þj�i;kþ1j6 ð1� bkÞkdk þ jajbk ðA:16Þ

for 1 < i6 k.
Similarly, from (A.11), on using (A.15) to-

gether with (12), (13) and Lemma A.3(I), it follows
that

ðk þ 1Þj�1;kþ1j6 1ð � bkð1þ aÞÞkdk

þ jajbkð1þ aÞ: ðA:17Þ

Now let

c ¼ 1þ jaj
1� b

;

so, again in a similar fashion from (A.14),

ðkþ 1Þj�kþ1;kþ1j6
bðkþ aÞkdk

kþ ab
þ kcð1� bÞ

kþ ab
: ðA:18Þ

We show by induction on k that

kdk 6 c: ðA:19Þ
From (18) and (A.15) we see that d1 ¼ maxf1� f1;
f2g. So, by Lemma A.3(I), (A.19) holds for k ¼ 1.

Now assume that (A.19) holds for some kP 1.
So, for 1 < i6 k, since jaj < c, (A.16) gives

ðk þ 1Þj�i;kþ1j6 ð1� bkÞc þ jajbk 6 c: ðA:20Þ
For i ¼ k þ 1, from (A.18) using (A.15) and

(A.19), we have

ðk þ 1Þj�kþ1;kþ1j6
bðk þ aÞc
k þ ab

þ kcð1� bÞ
k þ ab

¼ c:

ðA:21Þ

For i > k þ 1, since �i;kþ1 ¼ �fi, by Lemma
A.3(II),

ðk þ 1Þj�i;kþ1j ¼ ðk þ 1Þfi < 16 c: ðA:22Þ

Similarly, for i ¼ 1, (A.17) gives

ðk þ 1Þj�1;kþ1j6 1ð � bkð1þ aÞÞc
þ jajbkð1þ aÞ6 c: ðA:23Þ

Therefore, from (A.20)–(A.23), ðk þ 1Þdkþ1 6 c.
So, by induction, (A.19) holds for all kP 1.

Thus, to conclude the proof, we note that, as k
tends to infinity, dk tends to 0, so �i;k tends to 0 for
all i. �
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